CHAPTER XXXIX. 


THEOREMS OF STOKES AND GREEN. 
INTRODUCTION TO HARMONIC ANALYSIS. 


1780. It is proposed to give in this chapter several theorems 
of the Integral Calculus which are of especial service in the 
higher branches of Physical Analysis. 


1781. Stokes’ THEOREM. 

Let X, Y, Z be the components referred to rectangular axes 
Ox, Oy, Oz of any vector quantity U. Then the line integral 
of this vector taken along a given path on any given surface 
from a fixed point A to another fixed point B is 


Fale a((xS+y S25 )ds=|(X dæ+ Vdy+ Zd), 


Let us deform this path into an adjacent arbitrary path 
from A to B on the surface. 


Then x= x+ +, ax—2* dæ+ +, and 
B 
sLas=| ((8X da-+ +)+(Xdéa++} 
A 
B B 
-Í (6X da-+ +)+LX da+ +7-[ (ax RRT 
A x 


-fox da—aX 6x) ++} 


(2-2) aX aZ 
-HE-3) (ôy do— 82 dy)+ (——<) (62 da— ðe dz) 


+ (agen Aiar dy— ôy ax). 
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But if P, Q be adjacent points (x, y, 2), (v+dz, y+dy,z+dz) 
on the path APQB, and P’, Q the points to which they are 
deformed, having coordinates (x-+éz, etc.), and to the first 
order (x+ dæ+ ôr, etc.), these four points are to that order the 
corners of a parallelogram the area of whose projection upon 
the plane of y-z is dy dz—6dz dy. 


rrd Q 
P 


Fig. 588. 


Let dS be the area of the element PQQ’P’; l, m, n the 
direction cosines of the normal to the surface at a, y, z. Then 
to the second order 
dy dz—dzdy=ld8S, ézdx—dadz=mdS8, dady—dyda=nds. 

Therefore the variation in the line integral along APQB by 
deformation into AP’Q’B is 

OZ 32) mZ dZ & $2) 
r={[ 1 a a)na a y 5) las, 
thè integration being for all the so I of 4 which lie 
between the two paths. 

If we.enlarge the strip by taking a new variation of the 
path AP’Q’B to an adjacent path AP’Q’B, the extra increase 
is the same integral taken over the area between the second 
and. third paths; and this process may be followed by 
other deformations to any extent so long as X, Y, Z and 
their differential coefficients remain single-valued, finite and 
continuous in the deformation (Fig. 589). 

If then A and B be any two points upon a contour ACBD 
drawn upon the surface within which contour X, Y, Z and 
their differential coefficients are at all points single-valued, 
finite and continuous, the difference of the line integral along 
ACB and that along ADB is measured by the surface integral 


fi (G-S)+ + jas, taken over the whole surface bounded 


by the contour. Also the line integral from A to B along 
ADB=-— the line integral along BDA (Fig. 590). 
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Hence the line integral round the whole contour is equal to 


the surface integral ff (%7) + |as, over the whole 
area bounded by the contour. 
D B 
Cc 
A 
Fig. 589. Fig. 590. 


Now let R be some vector quantity whose components 
2, 2n, 2¢ are such that 


geek OF d) bron 2) oF Ox 
Oy Oz Tan. pare FY Pe. Oy’ 
then we rll 
dz taken round 
\(x¥ atta Yz i)i bari rnd) af fae +my+ngas, 


taken over the bounded surface. 

But 2(/é+-my-+né) is the component of the vector R along 
the normal =R cos e, say, where e is the angle between the 
normal to the surface and the direction of R; and if ¢' be 
the angle between the vector U and the tangent to the contour 


y% dy ,dz 
X Tat Ya +Z =U cose 


Hence || RcosedS= |U cose’ ds, a result due to Stokes and 


of the highest importance in Higher Physics. [See Lamb, 
Hydrodyn., Art. 33.] 

It is remarkable that the surface integral is independent of 
the form of the surface, and depends only upon the line 
integral round the bounding edge, so that it is the same for all 
diaphragms with a given edge ; provided that in the deforma- 
tion from any one diaphragm to any other no point in space is 
passed for which X, Y, Z or any of their first order differential 
coefficients cease to be single-valued, finite and continuous. 
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1782. GREEN’s THEOREM.* LorpD KELVIN’s EXTENSION. 

Let V, and V, be any two functions of x, y, z, the coordinates of 
a point P, and a any quantity, constant for Green’s Theorem, or 
any function of the variables for Lord Kelvins extension, and 
suppose all three functions and their differential coefficients to be 
single-valued, finite and continuous throughout a finite and con- 
tinuous region bounded by a given surface S. Let volume integra- 
tion be conducted throughout the volume so bounded, and surface 
integration over its surface. Let VV be an abbreviation for 


20V IK Dif gar 
x(a Steels) tal F) 
Let dn be an element of the outward drawn normal at any point of 


the bounding surface S. The theorem to be established is 


aV, WV, , WV, dV, , WV, ƏV, 
ffel (3a On oy. Oy | & 1S) de dy de 


= |f v,a 2 as— [[] raver .dedy de 
a | res das as—{{[v.w7, ety de 


ges ee dadydz. Integration by 


Consider the term [fer 


parts gives 


iff Via ad dy ae—|||V, 2 (a ors) da dy dz. 


Construct an elementary rectangular prism parallel to the 
z-axis on base dydz in the y-z plane, and let it intercept upon 
the surface S elementary areas dS,, dS,, dS,,..., at which the 
direction cosines of the normals are (A,, #1, n), (Ag, Ma) vo), «++» 
the suffix 1 relating to the element furthest from the y-z plane 
and the others being in order of approach to that plane. Then 


dy dz= +-,d8,=—2,d8,= +, dS8,=.... 
Now the limits in the first integral | Pact ta] are those 


which correspond to the elements in which the elementary 
prism cuts the surface S, i.e. from the end of any intercepted 


* Math. Papers of the late George Green, Edited by Dr. Ferrers, 


www.rcin.org.pl 


GREEN’S THEOREM. 883 


portion of the prism nearest the y-z plane to the end furthest 
from that plane. Let the values of va at the several 


points be denoted by the corresponding suffixes to the square 
brackets. 


Then ijl Vig cad dy dz taken for the whole prism 


=|f{[ re] anaso- vta] (— A,d8,) 
+H Vaa a? a| has s,)—...}, 


that is simply, when we integrate for the whole surface, 
summing the results for all such prisms 


av 
= [fv ods. 


x 


Fig. 591 


aie ri peices terms in the same way, and noting 


that A — cae ay eee ek we have upon addition the theorem 
stated. 
Green’s Theorem, for which a=1 and V?= z+ tee Za is 


il S met +) dr dy de=[[v, 5 5,2 48— fff V2V,da dy dz 


=fr on as—[[[v.v°V,dz dy de, 
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1783. Various Deductions. 
1. It follows that 


Mug Wir M45) d8= [[fowwer- PNY dady de. 
2. If V, and f; both satisfy Laplace’s Equation V? V=0, we have 


Jfr Sas | f ri ii. 


3. If V,=constant, J at dS = J J f V?V,dedydz This is known as 


the Divergence Theorem (see Webster, Elect. and Mag., p. 66). 
4. If V = constant s A be a function of v, y, z, viz. V, satisfying 


Laplace’s Equation, it ELE 0. It follows that V does not under 


such circumstances admit of a true maximum or minimum value for all 
directions of displacement at any point of space for which it remains 
finite and continuous and satisfies Laplace’s Equation. For if at any 
point such a maximum or minimum could exist, V would be decreasing 


or increasing in all directions from that point, and therefore a would 
maintain the same sign at all points of a small sphere with that point 
for centre, and / { ras could not vanish for that surface. The same 


thing is obvious also from Laplace’s Equation directly ; for one condition 
for a maximum or a minimum is that V,,, V,,, Vz must have the same 
sign, and therefore their sum could not be zero. 

5. If V, and V, be two homogeneous algebraic functions of a, y, 2 of 
respective degrees p and q, each satisfying Laplace’s equation for the 
region between a pair of spherical surfaces of radii a and 6, whose centres 
are at the origin ; then if V, and V, be written respectively as 7?Y, and 
rvY,, so that Y, and Y, are functions of angular coordinates only, then 


w fle 
Z will f f Y,Y,sin 0d dhp=0, provided 
A p+gqandp+g + -1. 
For / y, Vs d$ = J v, eas, the integra- 


tion being conducted over the two surfaces. 

Writing dS=a*dw or b*dw for the respec- 
tive elements.of the outer and the inner 
surface, dw being an elementary solid angle, 
we get 


J (r?Y, grt ¥, -rY pre- Y,)dS=0, 
Fig. 592. © and gapa terra perg) J Y,Y,dw=0, 


w fie 
and therefore, provided p +g and p+g + —1, Í Í Y,Y,sin 0d dh=0, 
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2w 
or writing p=cos 6, f i Y,Y,dupdd=0; that is | V,V,dS=0, where 
-1 Jo 
the integration is taken over the surface of any sphere with centre at the 
origin. 


The theorem is due to Laplace. The proof is Lord Kelvin’s [Thomson 
and Tait, Nat. Phil. 1879, p. 180]. 

Note that in the proof of this general result the taking of an inner 
surface r=b avoids the continuation of the volume integration over the 
immediate region of the origin at which such a solution of Laplace’s 
Equation as V =r would become infinite, and Green’s Theorem on which 
this result is based would be inapplicable. 


6. Many other deductions will be found in works dealing with attrac- 
tions, electricity and magnetism, etc. 

The region bounded by the surface S is regarded as “singly connected,” 
or capable of being made so by suitable diaphragms ; so that any of the 
infinite number of paths from any point A to any second point B within 
the region are deformable into each other without crossing the boundaries 
of the surface.* 

1784. Unique Character of Solutions of Laplace’s Equation. 

If a solution of Laplace’s Equation has been found which 
is such as to assume a definite assigned value at each point 
of a given closed surface S bounding a given region, that 
solution is unique for all points within the region; and if 
it is such as to vanish at œ it is also unique for all points 
outside the region. 

For, if two functions V, and V, could each satisfy the stated 
conditions at points within the surface, their difference W would 
vanish at all points of the surface. bd: Green’s Theorem gives 


(I (CE) + + Jar ay ae = f |w as— ff [ven ae dy ade=o. 


Hence caah r, la must vanish at every point of the 
region, and therefore W must be a constant throughout the 
region, vanishing at the surface, and therefore at all other 
internal points. Hence V, and V, must be identical. 

Similarly for points outside the surface with the condition 
as to vanishing at infinity. 

Hence solutions of Laplace’s Equation are unique and 
determinate for any finite region when their values are 
known over its surface supposed closed. 


* For the effect of Cyclosis, see Clerk Maxwell, Æ. and M., I., page 109. 
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We note also that if oe were given at each point of the 


OW agi OW _ 
surface, we should equally have fw oa dS=0, for a == 0, 


HARMONIC ANALYSIS. 


1785. Def. Any homogeneous function of v, y, z which 
satisfies the equation V?V = 0 is called a Spherical Solid Harmonic. 

Denoting ?+y?+2? by 7°, we have V¢r"=m(m-+1)r™ 
(D.C., p. 137). 

This vanishes when m=0, or —1, (except where r=0). 
Hence a constant is a spherical solid harmonic of degree zero, 
and r~! is a spherical solid harmonic of degree —1. 

Laplace’s equation is unaffected by writing x—2», Y— Yo» 
2—% for x, y, z respectively. 

Hence {(x—a9)?-+(y—Yo)?-+(2—%)} 2 is also a solution, 
except at (£o, Yo, Zo), where it becomes infinite. 

If V,, be any homogeneous function of degree n satisfying 
V?V =0, then V,/r°"+1 is also a solution (D.C., p. 137). Its 
degree is —n—1. Therefore te any spherical solid harmonic 
of degree n corresponds another, viz. V,,/r?"+1 of degree —n—1. 


1786. Specimens of Spherical Solid Harmonics. 


Lord Kelvin (Thomson and Tait, Vat. Phil., pp. 172-176) gives a long 
list of particular solutions of V?7V=0, We select a few typical cases, 
which may readily be verified. 


. dO ly tat 
Degree zero, log ——) tan D ty 

A Ue, Tate Woe 
Degree cide, qipa- phelps p p 


Degrees 1 and —2, 


BO) Soe oe ye eee 
ee SND ary 


Degrees 2 and —3, 222- x?-y?, x-y, Ayz+Bzar+Cxy, yar’. 


Ax+By+Cz, z tanm” 


1787. If V, be a spherical solid harmonic of degree n, and 
we write V,=7"Y,, as in Art. 1783 (5), Y„ is a function of the 
direction of the point æ, y, z as viewed from the origin, and if 
we take r as a constant, Y, is called a “Spherical Surface 
Harmonic” or a “ Laplace’s Function.” 
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1788. Number of Arbitrary Constants in the General Spherical 
Harmonic of degree n. 

The number of coefficients in the general rational integral 
algebraic expression of degree n in three variables is the 
number of homogeneous products of degree n in g, y, 2, viz. 

§(n+2)(n+]). 

When operated upon by V? we have a homogeneous function 
of degree n—2 containing $n(n—1) coefficients, each of which 
is to vanish, which furnishes this number of relations amongst 
the original coefficients. Hence the number of independent 
arbitrary constants in V, or Y,, is 


$(n+2)(n+1)—4n(n—1)=2n-+1. 
; ? 1 a a? a” 
Such a series as “ Yt Y,+3 Yarat Yn, where a 


is given, will therefore contain 14+3-+5-+...+(2n+1), i.e. 
(n+1)*, arbitrary constants, and in the case where Y,=0, 
as for the potential of a magnetic body, the number is less 
than this by unity, viz. n(n-+2). 


1789. Construction of New Harmonics, 

Since V?V=0 is a linear differential equation, when any 
Qatbte 7 
NTA V; is 
another solution. So that if V, be a spherical solid harmonic 

of degree 7, we have oa of degree t—a—b— c. 


solution V, has been found, it is obvious that 


Moreover (2 ELERA +n 2) V, will also be a solution; or 


oy 
further still, if (1, m,, n4), (lo Ma No), --. be any number of sets 
of ata sta gpm T neh linear elements dh,, dh,, ... 


Oi Oh sa 
so that —- ah, Bay 2p ma +m = , etc., then —- Oh, Dh, Dh," hy 


is also a solution of Laplace’s Equation, ae is a phason? 
solid harmonic of degree 1—). 


1790. Poles and Axes. Clerk Maxwell (E. and M., p. 162) 

Consider a spherical surface of centre O and radius v, 
referred to three rectangular axes Oz, Oy, Oz. Let A,, Ay, Ag,.. 
be fixed points on the surface, and P any other point upon 
the surface. Let the direction cosines of OA,, OA,,... be 
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(Ls Mis 24), (lo, My Nq),.-..and x, y, z the coordinates of P. 


Let A,;=cos A,OP, fy=Cos AOA, Let dh,, dho, ... be linear 
elements in the directions 0A,, OA,,..... Then the lines 
OA,, OA,, ... are called “axes”; A, es ... are called “ poles” ; 


4 d 
and the operation et set Mig Ag is called differ- 


d 
oh, 
entiation “ with regard to the axis OA,.” 

Let p; be a perpendicular from O upon a plane through P 
perpendicular to OA,; then p=la+my+nz=rr,, and we 
have 


Or, Or Ho OF. it y z_Pi_ 
Che en on. Bp tm Rep = Ài, 


see (a+ + VC ot + ati + may + many p= p= SE, 
OAy_ o P;\_ + Pi bem Osh y_ OAs 
Ohi ane )=; » Pas" 8 À= ~ Ohy 
1791. Consider the effect of the operations 
E 2, yp? 22 
Oh,’ hs Oh,’ Dheg Oh, Oh,’ 
performed successively upon the function A Let us write 


Zi- us for the sum of all possible products consisting of 
i—2s )’s with different suffixes and s ws with double suffixes, 
each suffix 1, 2, 3,...% occurring once and once only in each 
product. 


d ARE. 
Also let us write V—i—ı for (—1)* 5 na a R , and also 
Visam kih =i. Then V-—i-ı, U; are spherical solid 


harmonics of respective degrees —(i+1)and i. We then have 


a uid 

eS Zee “Ne ia er =}, 

mia “har oh 

U 0 01 A 1 —X,A,_1. 1.3 

Fhe Vogel ee Meta, te EFA, 
gy aking ang Sohpil ode heres thebies honit 
het V4=(-1P a7 Ohe oh, ane A (A,AgAg b DA), etc. 
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1792. The flats Form is 


oath .3...(20—T 1 


1 
tenes eNA I ol 
— 1 


to a Tz terms, according as 7 is odd or even, 


i 1.3... (2%i— 1y 1 : 
ia et HOt EM y 


1 5 
de lls cat S ig a 
minei or 
1793. This form may be established by induction (Clerk 
Maxwell, E. and M., 1., p. 161). To do so it is desirable to 
substitute for each A the corresponding p/r. For differentia- 
tion of r and the p’s is simpler than that of the X’s in 


-} 


performing the operation — a 
dhii 


1794. When all the axes coincide the }’s are all equal, and 
` the ws are each unity. 


If we write Taiti when the axes are different, and 


MEA 
si +; when they are coincident, we have 


an 1) i-2 1 i-4,,2 
od PSD dada Ves aai aar M+ C STETE p ap 
gi 1) uiy sa, S E D EA (¢—-38) \y - 
ai LED ua ik E 17E PI CEET * a 


1795. In the latter case, when the 7 axes coincide, Z; is a 
function of one variable only, viz. the angle which the vector 
to x, y, z makes with the fixed axis. When this angle is 
fixed, the value of Z, is fixed, and the equation Z;=const. 
gives a family of circles on the surface of the sphere, the 
planes of these circles being at right angles to the axis of 
the harmonic. The harmonic is now called a “ zonal harmonic.” 

1796. In the former case Y; is a function of the 7 cosines 

~ 1) 


Ap Ag, ++. A; Which are variables, and of the cosines 


Mya) Mig» Mog: Which are constants. As Wi are in this 
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case 7 arbitrary axes, and each requires three direction cosines 
l, m, n to fix it, between which there is an identical relation 
P+m?+n?=1, Y, will involve 2i arbitrary constants. Also 
since the expression for Y, may be multiplied by any arbitrary 
constant M, and the function V,;=7!MY~r' still satisfies 
Laplace’s Equation, this value of V, contains 2i+1 arbitrary 
constants inclusive of M, and is the most general form of a 
spherical harmonic of degree i (see Art. 1788). 


1797. The Zonal Surface Harmonic Z, will contain three 
arbitrary constants, viz. two which fix the direction of its 
axis, and M. After the fixation of the axis, say to coincide 
with the z-axis, the only constant left is M, and if we choose 
M=], Z; becomes a definite numerical quantity. 

If the axis OA of this zonal harmonic Z; be in the direction 
(9, $o) ùe. given by its co-latitude and azimuthal angle, and 
if OP be drawn in the direction (6, ), then 

A=cos 8 cos 84+ sin 6 sin Oy cos (P— po). 

If the axis be the z-axis, then 6.=0 and \=cos 0. 

In the former case there are two independent variables 
0, p, and the Zonal Spherical Surface Harmonic is known as 
a Laplace’s Coefficient. 

In the latter case there is but one independent variable, viz. 
0, and the pole of the harmonic is the pole of the sphere 
which is the positive extremity of the z-axis. 


1798. LEGENDRE’S COEFFICIENTS. 

If we expand the function (1—2ph+hy? in powers of h, 
taken as < 1, as 

(1—2ph+h?) =P, 4P hP h HPA., 
irrespective of what p may stand for, then P, or P,(p) is 
called Legendre’s Coefficient of order n. 

If (r, 0, $), (fo, Oos Po) be the coordinates of points P, A 
and Aà the cosine of the angle AOP, O being the origin, the 
inverse of the distance AP is (r?—2rrgr +r), and may be 

P 1 r ey? 1 TIN a “4 : 
written as 7 (1-2 +e) or (1—2 g o) , according 


as rois >or <r. Accordingly, we have 
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1 2 n 
kar managed inet ei) for r < To 


AP 


OE M 0-40, EREE UTE for TA 


where the Q’s are Legendre’s Coefficients for the case when 
pis <1 and is a certain cosine. And for all values of r/r one 
or other s these expansions holds good. 


Also +P being an inverse distance is a Spherical Harmonic, 


and that series of the two above which is convergent is a 
spherical harmonic, and satisfies Laplace’s Equation; and as 
it does so for all consistent values of 79, each term will do so; 
so that one or other of the sets 
(Qo: Qr, Q,r*, TAF (= a, 9, a &) 

forms a series of spherical solid harmonics. Moreover, by 
Art. 1785, if one set be spherical harmonics, so also are the 
other set. Therefore they are all spherical harmonics; and 
Qn is a spherical surface harmonic of the zonal species. 

It follows therefore that a Legendre’s Coefficient for 
which p is a cosine is a Zonal Surface Harmonic. We shall 
see later that it satisfies Laplace’s Equation whatever p may be. 


1799. The function 
R= {erty +(e} 
satisfies Laplace’s Equation. 
Let a+ y?+22=r%, and write (22+y?+2)? as f(2). 
Then h saf 
fa) c2 OF 1)" oF 

Ro3=f(z—c)=f(z)— ca ta aa rapes i Tha Eo ete 

Again, writing 2=A7, Sri) 2rcr-+c2)? and taking r>c, 


1 c c o* 
R=: (Q+ Qir tezat eee Harat BF 


Qa (Dr f (Dr ar l 


paH n! De” n! derr 


Hence 


The harmonic Q, is therefore identified with one of those 
obtained in Arts, 1791 to 1794. 
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1800. Preliminary Remarks on Legendre’s Coefficient P,,(p). 
The definition being 
(1—2ph+h yi =P,+P,h+P h+... +P. (A1), 
it follows that, whatever p may be, 
P o(p) =], 
P,,(1)=coef, h” in (1—h)-!=1, 
P,,(—1)=coef. h” in (1+h)7=(—1)", 
' f "1.3...(n—1) 
a n t= ER h, eee ASE | 
P,,(0)=coef. h” in (1+h?)"?=0 or (—1)? ie A ek 
according as n is odd or even. 
If the signs of both p and h be changed, (1—2ph+h?y È is 
unaltered. Therefore 
P,(p)+P,(p)h+.-.+Pna(p)h" +... =P,(—p)—P,(—p)h+... 
+(—1)"P,(—p)h"+.... 
Hence 
P(—p)=P(p); P(—p)=—P,(p), ete, Px(—p)=(—1)"P,(p). 


1801. Power Series for Legendre’s Coefficient P,,(7). 
To obtain an expression for P, as a power series in terms 
of p, we proceed directly by Expansion of (1—2ph+h?)4, viz. 
Nid ue 1,8 5. (2n-Bh gy Aor ee 
=1+44h(2p h)+ ... +475 — 9) a (2n—2)" (2p—h) 
1.3...(2n—1),,, 3 
or A Ea E ER Tan 
Picking out the coefficient of h”, we have 
PE PE ot a. wn—)) yy 
en n! n1)? 
n(n—1)(n—2)(n—3) „a } 
+3 E rr 8) Pe fe A) 
which is in agreement with-the second series of Art. 1794. 
P,(p) is therefore a rational integral algebraic function 
of p of degree n. The highest index is n. P,, is an odd or 


an even function of p, according as n is odd or even; and 
P,,(—p)=(—1)"P,(p), as already seen. 


www.rcin.org.pl 


RODRIGUES’ FORM. 893 


1802. Rodrigues’ Form. 
Applying Lagrange’s Theorem nig C., p. 454], 
h 
(1 -2ph +h?) 42145 hag- D+ aga P- 1}+.. H ge ga (P-1)+. 


Hence 
d” 
(p= In n! 


EL ip ;,(p?—1)", a form due to Rodrigues. ....(B) 


1803. Rodrigues’ form satisfies the differential equation 


pa- -pi Tr ++DP, a 


For writing z=(p?—1)", and denoting by suffixes of z 
differentiations with regard to p, we have z,(p?—1)=2npz; 
and differentiating this n+1 times by Leibnitz’ Theorem, 


Zna (PP —1)+2P2n = n(n 1), 
e $ pup I)a ]=n(n +1)2n, 


ùe. io mË Ge tnt UP, =, 


1804. Expansion in Terms of Tangents of Half Angles. 
Using Rodrigues’ form and putting p+1=u, p—1l=v, 


Kedi 


ni ip") = = {u" +” O puw OUa... + 07}; ....(C) 


and putting p=cos 6, u=2cos* z v= -2 sin? we have 


0 


P,= cos § £ -r0 tan? +0, tant -n0 tane + sa ih (D) 


1805. Expansion in a Series of Powers of tan 0. 
Regarding (p?—1)" as a function of p? and applying the rule of 
Diff. Calc., Art. 106, 


P,=p" +0, 20, p"—*(p?-1)+ ae, 4C,p"*(p? —1)?+...5 ...00 (E) 
and writing p=cos 6, we have a form homogeneous in cos @ and sin 0, 


P,,= cos" @ — sen cos”? 9 sin? @ 
painia- abs -2)(n — 3) 
PE TN gS: 


fhe 1)(n — 2)(n —3) 
9.4% 


coa sin’ 6 agaia (F) 


tel at =costg[ 1-™@ =) D tant + ive ..-(G) 
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1806. These forms may also be derived by writing 
(1—2ph-+ht) t= ((1— ph)? +29(1— p34, 
expanding and’ ‘pipking out the coefficient of h”. 
[Todhunter, F. of Laplace, p. 12.] 


1807. Expansion in Powers of cos f ` 
Since (p*—1)"=(p+1—2)"(p+1)" 
= (= IP [2 (p +1)" -"02 p + H 410,9 p+ 1) ..., 
we have by Rodrigues’ form, and putting p= cos 0, 
P,=(-1)" E — "+10 ”C cos? a "+20, "C3 cos* : —"+30,"C, cos® a : ath (H) 


1808. Expansion in Terms of Cosines of Multiples of 0. 
Taking 2p=t+ ; =2 cos 0, we have, writing 
(1—z)7! as Ayt At Age*+..., 
V=(1—2ph+h?)~t=(1-At)~(1 Ar) 7! 
= (Ag+ Aht +... + Ayh"t" +...)(Ag + Ayht +... + Anh" +...), 
and the coefficient of 4” is obviously 
ApAn(t" + 0) + AyAn-1 (0-7 +0) +... 
= 2[A,A,cosnO@+ A,A,_1 cos (n —2)0+...+ Ano. Angi cos h or $n?) 
an > p 2 
as n is odd or even ; 


§ Puma {12: 1 iea . (2n —3) 


.. (2n - 1) 
We nan ot Y g. E 


ET Eee ee TEE EE 


1809. Limiting Values of the P’s. 

The binomial coefficients in the above form of P, are all 
positive, and therefore P„ cannot exceed in numerical value 
that for which each of the cosines is replaced by unity. And 
in this case the expression for P, =2(A94,+A,An-1+ ---)=coef, 
of p” in (1—p)-4(1—p)-4, we. in (1—p)-, ie. 1, ie. the value 
of each of the P’s cannot lie outside the limits +1 and —1. 

The convergency of the series 1+P,h+P,h?+... follows at 


once by comparison with Lt hp Rb = h<l. 


cos (n — 2)0 


ae 


1810. Expressions in Terms of Definite Integrals. [Laplace, 
Méc. Cél., XI] 
Supposing a positive and > b, both being real, we have 
‘a ee.) Ce T 
i a+bcosy Ja?—b Be 
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and writing a=1—hp, b=h,/p*—1, where p is positive and 
> 1, and Å negative to ensure a being positive, and both 
a and b real, we have 


1— 2ph+h?=a?—b?= +-¥e: 


T =f dx 
` J1—2ph+h? Jo 1—h(p—Vp?—1 Siew) 
and expanding each side in powers of h and equating co- 


efficients, Pp) ==" (p—/p?—1 cos x)"dx. 


1811. Upon expansion of (p—Vp?-1 lcos x)" and integra- 
tion from 0 to v, all terms arising from odd powers of cos x 
disappear, and we are left with a rational integral algebraic 
function of p of degree n, which is identical with P,,(p), (which 
is known to be a rational integral algebraic function of p of 
degree n), for all positive values of p greater than unity, t.e. for 
more than n values. Therefore the identity with P„(p) must 
hold for all values of p, though it was convenient in the last 
article to take p positive and >1. It will be seen that the 
expanded form is identical with the expansion (E) of Art. 1805. 

Also, since the terms with odd powers of cosy contribute 
nothing, we have also 


Pa m=i (p+s/p*— 1 cos x)"dx. 
1812. Writing Sane a, we have 
P,,(cosh a) =f (cosh a Fsinh a cos x)"dy, 


and we may transform these furtker by putting 
cosh a cos u +sinh a 
cos X= Cosh a + cos u sinh a 
to the forms 


P, (cosh a) = a (cosh a +sinh a cos u)-"-!du, 
0 


1813. Various Forms of Laplace’s Equation. 

Before proceeding further it is convenient to collect to- 
gether for reference the more useful forms which Laplace’s 
Equation V?V=0 takes when transformed to other systems 
of coordinates than the Cartesian, and the modifications it 
undergoes under various circumstances, 
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By direct transformation to spherical polars (r, 0, ¢) (D.C., 


p- 469), 
eee aa. becomes 


Vor 20V ,10V_ cotOoV , cosec?d eV 
ror ' roe re 20 Pr Og? 
If piri Ki sg a Ae of : hap ¢ only, we have 


ae a a Tt+n(n+I)Y, |=o, 


and any solution of this is a Spherical Surface Harmonic or 
Laplace’s Function. See Art. 1787. 
Writing » for cos A this prà becomes 


=0. 


Vey =r" 


i e FAVE TE D =Q 


1— oe 5 

Laplace’s pea polo which are Zonal Harmonics and are 
cases of Laplace’s Functions, satisfy this equation. When ¢ is 
absent, V, is a homogeneous function of the n degree sym- 
metrical about the z-axis; Y,, is a function of 0 alone, —P,, 
and the equation becomes, when p is written for u, 


t Kia 
p 0- Teja, 


Legendre’s Coefficients satisfy this equation, and are the 
cases of Laplace’s Functions for which ¢ is absent, and 


P= p n=cos 6. 
Other forms of V?V=0 are 
S wy +h ren 025) Tag AET 0 55) =0, 


1 @V 
rZ +i (0 PARET, 


1814. Method of Obtaining these Equations from Hydrodynamical 
Considerations. 

The readiest way to reproduce any particular form of the differential 
equation is not by direct transformation, but by formation of the appro- 
priate hydrodynamic “ Equation of Continuity,” expressing the physical 
fact that in the case of any fluid motion, no creation of matter is going on 
in any element, any increase or decrease of mass in that element being 
due to what enters the element from outside or which leaves it, 
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For a homogeneous fluid in motion with velocity potential V, this 
condition may be written in the notation of Art. 789 as 
2 (ba OP) 
pa Bats Op, Fay 
and by expressing this for Cartesians, for Cylindricals, for Spherical-polars, 
etc., the several forms cited are at once obtained. 


1815. Reverting to the power series, 
(1—2h cos y +h?) 2? =Ryt Rk+Rf+...+R,A"+... (h<1), 
which defines a case of Legendre’s Coefficients in which 
cos y=cos 6 cos 0, +sin 0 sin 0, cos (p—$,) (Art. 1797); 
it appears that R,, being a zonal harmonic, and a function of @ 
and ¢, is a solution fi the fati 


ZT +cot es 


a Re t n(n-+-1)R,=0, 


or, what is the same thing, if we write u, u) for cos@ and 
cos 05, so that cos y=uuo HV I—p?V1— porcos (p — po), 


d OR, 1 
ra (com ate 1-3 Spr TOFD Rg rai 


1816. The General Solution in the Case when ¢ is absent. 

If the z-axis be taken coincident with the axis of the 
harmonic, “y=1, cosy=u=cos6=p, and the Laplacian 
equation reduces to 


ra -T a) it DR ANED r i, (1) 


It will be noted that we ete use p instead of u in this case. 
The zonal harmonic P,, is a solution of this equation. To 
obtain the general solution put R,,=P,u, and we obtain 


5 P 
ua- Fr msa 
dP, du 
—2pP,, 2(1—p? Ai y 
+[a—pyP, iP, +2(1—p) Fe 
in which the first bracket kanis We therefore get 
dusdwu "m 2dP, ., du B 


dp) dp i-p P, dp’ “° dp” PROSP 
B being a constant. 
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The general solution of equation A is therefore of the form 
R,=AP,+BQn, where Q,= P| pao KT Pp) 


Legendre’s Function “of the second kind.” 

If, then, we limit our solutions of equation (1) fo such 
functions of p as give R, a rational integral algebraic form, 
we take the arbitrary constant B to be zero, and therefore the 
most general solution of (1) of this form is R, =AP,,. 


, which is called a 


1817. Since P, is a particular form of the Spherical Surface 
Harmonic for which we have obtained the general result 


m (2r 
IJ Y„mY„dud=0 when taken over the surface of the 
040° 
sphere, we have 
$ Qa 1 
| | PP. dodg=0, and By PLP. dp=0, (men). 
—: Jo =l 


1818. Particular Cases of P,, expressed in Terms of p, and 
Positive Integral Powers of p in Terms of P’s. 
The general result being 
awe i : $.. 19a COD fps. n(m—1) na, MM 1)(n—2)(n— BD 
iz ~2Qn—1)? 2.4(2n—1)(2n—3) P 
we have the particular cases 
Po=1; Py=p; P,=3p?-}4; Py=§p*- 3p; 


Reversing these results, we have 
l=P,; p=P,; p*=3P,+4Po; p?=2P,+§8P, ; 
=P +4Pa+}Po; etc. 

1819. The general character of these latter results will be 
obvious, viz. p” will consist of a series of Legendre’s cofficients 
beginning with P,, falling in order two at a time, with certain 
numerical coefficients ; 7.e. its form is 

p"=A,Pyt+An Pao tAnsPnat see 


and we shall consider in due course the law of formation of 
the successive A’s. 
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We note at once that, since each of the P’s becomes unity 
when p=1, we have A,+Ay.+An st. = 
Again, if m<n, 


1 1 
i a dp=f (4nPn+4n-Pn-i+..:)Pn dp=0. 


1820. If f(p) be any rational integral algebraical function 
of p of lower dimensions than n, then, in the same way, 


f fo) P„dp=0. 
1821. The same result may be deduced from Rodrigues’ form of P,,. 
yi fS IoP, dp = zaz [wae (p?—1)"dp 
+(=1)"-1 fp). (p?- yn] =0, 
for after the differentiations are performed (p? — 1)is a factor of the whole. 


It follows that f f(p)Pa dS =0 when the integration is taken over the 


surface of the unit sphere. 


1822. The theorem | p™P,, dp=0, (m<n), may be used to obtain the 
several functions P,, P,, Ps, ... Without using the general formula. 

Ex. 1. To find P,, assume P,= Ap* eet Then 4+B=1. 

Multiply by p and integrate; then I =f pP,dp=0. 


3_ 3 
Hence EER and Ppa Es 


Ex. 2. To find P, Assume Py=Ap'+Bp?+C. Then A+B+C=1. 
Multiply by 1 and by p? and integrate. 


Then TERE and fafo o; 
BME 3 
FUSE EEEN _35pt—30p?+3 
35. -003 8' and Ei h 


Or we might use a determinant to eliminate A, B, C. 

These processes, however, speedily grow laborious by virtue of the 
number of equations to be solved or the order of the determinants to be 
evaluated. It is therefore desirable to follow another method, as we now 
show. 
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1823. Lemma. 
If it be desired to solve a system of equations of form 
JES ae ‘is 
ata fet coat “eh a+ Bt be er MTT AD 


EKER | KA 
a+y to+y A aTa Poley 


one less in number than the number of unknowns, with 


E E a Aee 
EFA EFA eta AS 
A KA z 
and further to calculate such an expression as ore ne er b+ at cs not 


for the values of 2, y, z,... found from the above equations without 
actually calculating x, y, z,... themselves, we may May as follows. 
For convenience take ” case of three letters x, y, z 


Then aatra Pr is to vanish when =a or 8 and to become x 


when 6=A. Such requirements are obviously satisfied by 
y , Z _1(a+Ab+A(e+A) (0-a0-B) 
nF b+0 c40 X (a+ 0N bF 8)(c+ 6) ‘(A—a)(A—B)’ 

which is an obvious identity, for it is a quadratic relation in 0, and 
satisfied by three values of 0. The value of x can be found by 
aoip ine by a+6, and putting 0= —a, viz. 
LOE AME AXA) (a+a)(a+ 8) 

(6-a\(e—a) *(X—al(A-B)’ 
and similarly for y and z. When A is indefinitely large, the last of the 
given equations takes the form #+y+z=1, in which case 


a= et alatB) 
*= -ale-a y=etc., z=etc.; 


t= 


and generally we have 


x y z (0-a)(0-B)(0-y).. 
a+0' b+0 cro" (a+ Ob + Oe+ ONE ie 


there being one more factor in the denominator than in the numerator, 
no À occurring. 
1824. Ex. 1. Calculate P;, Assume P,=Ap'+Bp?+ Cp. 


A et) O 4 £0 
Then gt7t57® ytgt3=® A+B+0=1. 


Take a=4, B=2, a=5, b=3, c=1 in the Lemma. 


(a+a)(a+B) 9.7 7.5 5.3 

Asya. Bs Pee ae 

Then (@—a)e—a)~2.4* P=(=9)g* C=3°G3 
9.7 AN 

and Pegar -2ga taa? 
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fl 
Ex. 2. Calculate dy: p'P, dp. 


The result is clearly +245, but without calculating A, B or C, 


we have, putting 0=8, 
9 (8—4)(8-2)_ 2.4.6 _ 16 


13.11.9 9.11.13 429° 


1 
1825. We have seen that Í p"P,dp=0,if m<n. But if 
-1 


m&n, we can readily calculate the value as in the above 


example. 
But first note that if m and n are one of them odd and the 
other even, the result is still zero. For writing 


p= A, Pot An et maT. , 
1 aI 
| p"P, ap=| TE EPA, i. T 
=i ai 


as no two suffixes in any of the products of the P’s can be 
— equal. 
But if m and n be both even or both odd, and m ¢ n, the 
result does not vanish. In this case, writing 
P,,=Ap"+ Bp"? +Cp"™*+..., 


multiplying by p*, where k=n—2, n—4, n—6, etc., and 
integrating from —1 to 1, we have a set of equations of 
A B C 
he WP aed Chae l dared | 
number than the coefficients to be found. Also 
A+B+C+..= 
1 2A 2B 20 
and f2 a eaa e or Lone eee Te 
Hence the problem of evaluating this integral (m >n) is 
that considered above. 
Here a=n—1, B=n—3, y=n—5..., 
a=n, b=n—2, c=n—t..., 


and 6d=m-+1; 


=0, one less in 
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n—i 
2 
sie or = factors 

La (m—n+2)(m—n+4) ... m—1 (or m) 
~~“ (m+n+1)(m+n—)) ... m+2 (or m+]1)* 


and 


j (m+1—n—1)(m+1—n—8)... to 
| pP, dp=2 + 
i (m+1+n)(m+1+n—2) ... to 


or 5 factors 


1 
1826. If m=, we have f p”Pm dp=2"™*1(m !)7/(2m+1)!. 
-i 


1827. Again 
1 TE AEE: 
2 2 n . C Sea pee 

[Pot Pit Pal es) =f och TPR T 

1 2 4 
ie | (Pet PL PEM. dap=2(14E 4+.) 

—1 « 9] 

Hence 


1 1 1 2 
2 = 9.: 2 ws 2 = 
pa dp=2; pr dp=$, etc; ER P= 


Remembering that the area of an elementary belt on the 
unit sphere may be written as do=27sin 0 d9=—2rdp, 
we have for the whole sphere 


4r 
Pè do=;— m. 
J nF 1 
1828. Professor J. C. Adams has shown that we may calculate the value 
1 cd. ON | 
of = [ reap, where R= J/1—2ph + h?, by means of Rodrigues’ expression 


for Pa, and thence we may establish the integrals ji : P,,P,dp=0 or mae 

j -1 2n+1 
according as m Fn or m=n. 

Integrating by parts, we have at once, writing X for (p?— 1)" for short, 


Tih a 
2n! I= RAN gpt- 1)"dp 


“(ASP -Cat GT, 2 a0. ant 


n[{? y _æ 
=(-1)*1.3.5... (2n -1)4" A pen =(-)". 1.3.5...(2n+1)A"U, say. 


dU f nPrah 
Then a fæ- ping W. 


Take a sphere of radius unity, OA the radius, OH=} <1, H lying 
upon OA. Draw an elementary double cone with vertex H intercepting 
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superficial elements do, do’ at Pand Q. Let A HP=y4, AOP=6, QOA=6, 
HP= R, HQ=R'. Then do/R?=do'/R? ; p=cos6=h+ Reosy; 

sin 6/R=siny/1, dp= —sin 0 d0, dr=sin dð dọ, 
being the azimuthal angle of the plane AOP ; 
` sin 0 d0/R?=sin 0 d6'/R?, i.e. dp/R*=dp'/R"®; 
aU _ 26)" R 
‘i ee oe ee ) a So ae (- nf sin?” y cos v£, 
and for opposite elements at P and Q, sin?” y and 4 have the same values, 


but cosy has an opposite sign; hence corresponding elements of the 
integrand cancel when the integration is effected for the whole sphere, 


i.e. =o, and therefore U is independent of h. 


Fig 593. 


Hence to evaluate U we may take h=0, and therefore R=1. 
1 
Then» Irani) = [a - p''dp= | sin® 6(—sin 6 d6) 
=2 [Fein gag = 2n] .3.5...(2n+1); 
0 


. Farne h”. 


Qn+1° 
It follows that J? P,(Po+ Piht... + Pah" + pas; whence 
f. PnP dp=0, (m +n), and f’, Par dpzz as seen before. 


1829. If In= | A&dp, where R'=1-2ph+}, RAR a-p and 


rp h)=1—A?— R?, and we have 


() Py 1-A8-Rt, 1-H, om 
Gen! palp inj pen op Pan gg hat gpl 
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Thus Jig:e= iz asym Zim te > i an) a reduction formula for such integrals. 


2h" taints faa 

But =at; os T= L237 l= sq at 

1830. Since (I—2ph +h?)~?= Py + Pht... + Piht +... + Papih” t* + oas 
we have 


.. (24 —1)(1 — 2ph +h?) 


(2n +3) -— (2n — 1)4?} ; ete. 


-Ztl _ oP, oe oe Past in 
a = pt h+ Fe ea T U 
_2k+1 
and writing (1—2ph +h?) * =Q)+Q,h+Qph?+...+Qnh"+..., we have 
yu 1 Pryn 
DUS a Oia.) 
Therefore 


Ian = i Pn elk ell 


ar]. Palot Qh +... + Qmh™ + ...)dp ; 
a- aa 


E3 a Pam Up = coef. of A” in Ix, 


id E Pe, TTi dp=1. 3... (2k 1) x coef. ot AM ines is 
or writing k+m=1, 


fF Pe P, dp=1.3...(2k—1) x coef. of Æ-* in Iar41. 


1831. We can now undertake the calculation of the 
coefficients of the series referred to in Art. 1819. It is 
convenient to consider the cases of odd and of even powers of 
p separately. 

(i) Take pmt = A omi:Pemy1t+Aem—1P am—1+ +++ FAP 

Multiply by Pomsi, Pom- --- successively, and integrate from 
p=—l1top=). We then obtain 


a AR A 2.4... 2m l 
2(2m+1)+1  (4m+383)(tm+1)... (2m+3)’ 

» a 4.6...2m ; 
3(8m—1) +1 am am). @m+3)' 

yy, ee 6.8...2m en 


2(2m— 3)+1— Cm 1)(4m—8) ... (2m+3) 
Hence writing 2m+1=%, we have (n odd) 


2n+1)P,+(2n—3)22t" p, , 


+n @tDGM—Mp. J 


5 n! 
P ios ae ae ci 
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(ii) Take p= AgmPom+Agm—oPom-at-+- +AyPo3 
then multiplying by Pam, Pom», etc., and proceeding as before, 
and writing 2m=n, we obtain the same result. 

Particular cases have already been given in Art. 1818. 

It will now appear that any rational integral algebraic 
function of p of degree n may be expressed as a series of 
Legendrian coefficients, of which the order of the highest is n. 


1832. Expansion of f(p) in Terms of Legendre’s Coefficients. 

Supposing the expansion possible, let f Gaal Then 
multiplying by P, P,,... and integrating fea —1 to 1, 
„=f ; Jf(p)Pa dp, which determines A, ; 


y 1 
n $0) =3 XO+) P| P, f) dp. 
It is assumed that f(p) remains finite and continuous 
throughout the range of integration. 


1833. The Series obtained for f (p) is unique. 
For if a second series for SP) were possible, we should have 


O 4, P,, and f(p)= ŠB, Pa; whence Xa, —B,)P,=0. 
Multiply by P,, and acute from —1 to 1 Then 


(4,—By) =0 and A,=B,. 


2 
Pa Ra 


2 
2n+1 
1834. Differential Coefficients of Pn in Terms of Lower Order 


Legendre’s Coefficients. 
P, being a rational ee algebraic function of p of 


degree n, Tri ion of p of degree n—1, and 


therefore aiet in terms of P,_, and lower Legendrian 
functions, and of form 


dP 
Gp oe tAgusPaistAgsPaot- > 
Multiply by P,,_,, P,-3, Pn-s, ... and integrate oy —ltol. 


Then, since fr Px oe ERPI -f P, Gap, and 
m having any of the values n—1, n—3, n—5, ..., m ash n are 


one of them even and the other odd, we have Poi or —] 
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according as p is +1 or —1, and therefore [P,,P,]!,=2; and 
further, since i cannot contain a Legendrian function of as 
high order as P,, the second integral vanishes. Hence in all 


1 
such cases | Py pes dp=2. Hence 
=f dp ] 
2An-1/(2n—1)=24n-3/(2n— 5)=24n-5/(2n— 9) =... = 2, 
and we have 


qpr- Prat n—-5P, _g3+(2n—9)P,_;+...+8P, (or Po) 


according as n is even or odd. 


1835. Similarly we may write 


d'Pan 
“dp? % = B, Pas +Bry4Pnst+BpoPn—o +. = DB Py say, 
and multiplying by P, for r=n-—2, n—4, n—6,..., and integrating from 
p=-1 to z 1 and ka accents for ia 
1 
a et ite [P, Pq! — P,! Py Palit | PIB dp, 


and as r < n the final est vanishes. 
Also, since (1 — p?) Pp” —2pP,,’+n(n+1)P,=0, we have, when p= +1, 


Pp, =, and therefore [P Pp — Pr Pa] [anED. TEED | Pal eT, 


and n and r being both odd or both even, Lar is an odd function of p, 
2r a 1 


1 
and therefore [Aa] =2. Therefore B,= (n—r)(n+r+1) and 
4-1 


=1.(Qn—1)(2n-- 3) Pao +2 (20 —3)(2n —7) Pa- +3 (2n — 5) (2n —-11) Pret., 


and in the same way higher order differential coefficients may be expressed. 


1836. Obviously 


1d dP, 
Sies TP- J. [(2m = 1) Pya+...][(Qn--1) Pya+...Jdp ; 
and, if m+n be ai no suffixes can be the same in the two brackets, and 
the integral vanishes. But if m+n be even, suppose m} n. Then the 


terms which do not vanish are 
(2m — 1} af P2_, dp-+(2m- sf Pa Sdp. 
= 2[(2m — 1)+(2m—5) + (2m-—9)+...+1 (or 3)] as m is odd or even; 


Á l1 om i $ A OM 
and there being ga rg terms in the two cases, their sum is in either 


case m(m+1), ief IPn oP s deed or m(m+1) as m+n is odd or even, 
1 dp dp 


m being the smaller of the two, m and n. 
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1837. We might also proceed directly thus (m < n), 
1 1 
[Se ee ap (PPTs [PnP OP 5 


-1 dp dp 
and since n is greater than the degree of any power of p in Pm”, the 
terminal integral vanishes. 
Again, (1—p*) P,,” —2pP,,'+m(m+1)P,=0, and therefore if p= +1 
P ,_m(m+1) Pm 
m 2 p 1 


Fake: } i ; 
Now —™— is an even or an odd function of p according as m+n is 


odd or even, and therefore mea =0 or 2 as m+n is odd or even; 
therefore ee Sr dp=0 or m(m +1) according as m+n is odd or even 
and n tm. 

1838. Differential Equation satisfied by Legendre’s Functions. 


Starting again from the definition of Legendre’s Coefficients, 
viz. V=(1—2ph +h t= >. Ph", it is easy to see that they 
0 


satisfy a form of Laplace’s equation, without reference to the 
fact that when p is a cosine these coefficients are Zonal 
Harmonics. 

For V2(1—2ph+h?)=1 and 2log V+log (1—2ph+h?)=0, 
whence 


KRY, oY =(p—h)V3, and p T ngg, M, 
Again, 
2 {a-m = —2hupV2 +8h?(1—p') V5, 
ge pi = (2hp— 3h?) V24 8h2(p—h)2 V5, 
aed ading, Z{a-p) =| eae (4 a a (2) 


by virtue of V?(1—2ph+h?)=1. 


Substituting V==P,h", and equating to zero the coefficient 
of h”, 


d 2 =) P,.=0 
piip Jp J FOMEI P, =O, vorisini (3) 
2 
a a—py% Ee n n(n+1)P,=0 (Art. 1813). .....(4) 
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1839. oa ss s times, we have 


HP. 
a-p) $ A a 


which is known as Ivory’s Equation. 
If we then take as the expansion of P, in powers of p, 


2 
P,=4,+-A, f +4 +4 gites 
it follows that 
A,io= {8(8+1)—n(n+1)} A-=—(n—s)(n+8+1)A4,, sn. 
Moreover, 
(1—h(2p—Ayy ba... pS CRA) aopa... 


shows that A,=1.3...(2n—1), also that A,,,, Ansys, Ants» +++ 
are all zero, for the coefficient of h” contains no power 
of p above p”; and this coefficient containing the powers 
p", p™*, p*, ..., it is clear that A,_,, Aas Ans, .-. are also 
all zero. 

Also, as A,= —A,,./(n—8)(n+8+1), we have 


‘ 1.3... (2n—1 
A,=1.3...(2n—1), A aai 


.. (2n—1) 
ANA oa 1)(2n—3)’ ` 


and we have the series of Art. 1801 (A). 


A 


a*P,, 
dp* 
higher differential coefficients of P, vanish. 

If n be even, =2m, the lowest order term of P, is an 
arithmetical constant, viz. To is got by ee p=), te. 


the coefficient. of ?” in (1 phy? , viz. (— ljm}: al at 1) ‘ 
If n be gigi oe the lowest order term y P, contains p, 


viz. (—1)m2 >. rt ett. 


.. (2n—1), and that all 
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1841. Various Theorems. 


Since Sra =(2n+1)P,,+(2n—3) P,_.+(2n—7)Py_g+.. 


we have 


dP, aP 
eee a OR and Pyyy—Pra= (anf P„dp 
and since g(a- -pt dp Ta) tnat, =o, 
1 
m P Be S 2 aP 
we have f ndp neti) 2 1) g 


Zn+1 


: sr. pP— 
ae Pasa Pria= Ree ays ae 
1842. Since 
1l 


V=- aiey LSPA and 1 or =(p— hy V2, 


we have (1—2ph +h?) (n+ 1) Pp h"=(p—h) =P, he ; 
whence (n+1)P,,;—2pnP,+(n—1)Pp y=pPn—Pa, 

tié. (n+1)Pny1— (2n +1)pPa+nPn=0, 

which forms a difference equation connecting any three 
successive Legendrian Coefficients. 


1843. Again 
l ƏV . 2 n—-l1 dP n . 
Viop i.e. (1—2hp+h?) Dh iets am, 
. dP n+l op Ss dP n-i Ś 
a E aA 
and subtracting the result tat Pari =(2n+1)P,, 
we have pi- ate =P. 


1844. Since ap and oY =(p— A)", we have 


WF n-a- a R -2ph+4)=— Vp; 
F ov 


aP,, Z wt 
ie. (pP—1)Eh"” aes nh” 1— pinP,,_,h” 
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*, equating coefficients of h"-1, (p?— en “t—nP,—npPp_1, 
| rT TALT e 
w.e. Ta gis = oe dp ’ 
or (p?— ne =(n+1)(Paii— PPn). 
pol dP, _ Pian Taha ie : 
Hence n+l dp Tima nr Ta ees ; 


dP. 
a ae See aT Kea: 
We therefore have the two results, 


-SS 
P,— pP, =. n : P 


~ n=l) 
pers 
RE EE A A 
184i, Wé Howshave rU 


= fe, dp [since £ Ar Te) +na+)P, =0| 


=n(f'—[yPadp=nf" P,dp+0, 


where C is a certain constant, viz. the value of P,,, when 
p=0. To find C, 
Be ps ee AR a OAR 
met Qnth (nL 1)! dp" 2"+1(n+1)! 
drt! 


x dpi [p+ — nHO p?" 4- nHO p22 ares +(— 1% ntl) ports OA ]. 


If n be even, each term left after (n+1) differentiations con- 
tains p, and therefore in this case C vanishes. If n be odd, 
there is a term not containing p after the differentiations, viz. 


when r= H, Hence when p=0, we have in this case 
c 1 = (n+1)! 


1) 2 "HCn41 (n+1)!='5 
2 


= FT FI)! ma ree y 


n+l 
(—1)? (n ! 
get (eet Ji 


~— 

+ 
— 

w 


S Pay—pPn =n{ P, dp+C, where C=0 or 


according as n is even or odd, 
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We also have by differentiation (and writing n—1 for n), 
— pP,1=MP,_1. 
1846. Since (n+-1)P,,,;—(2n+1)pP,+nP,_,=0, we have 
(n+1)Pp u —(2n+1) pP, +nP,,_,=(2n+1)P,=P4:—Py-1, 
nP4:—(2n-+1)pP, +(n+1)P,.=0, 

a difference equation for the first differential coefficients of 
the P's. 

1847. Differentiating again, 

nP — (2n +1)pPa Hint) Ph- EDR SP Pana 
whence (n—1)P4,—(2n+1) pP,+(n+2)P,_,=0. 

Similarly (n—2)P%,,—(2n+1) pPY +(n+3)Py_,=0, 
and so on, forming a series of difference equations for the 
higher differential coefficients 


1848. Since pP,— P,_1=nP,...(1), and Ph —pP_1="Py_a ... (2), (Arts. 
1843 and 1845), we have, by squaring and subtracting, 
(p= DPR- Po 1) =n (Pa Phat). sccscccsscesseeeeeee (3) 
Writing n?P2 -(p?—1) P.2=U,, we have 
Un — Un ={n? —(n -1)9} Phi =(2n-1) Ph; 


+ Opa =O p2= =(2n — 3) På—2, etc., 
and. 1=7}-(p?-1)P? -=1=P5. 
Hence n*J%—(p?—1) PP = P§+3Pi+5 Pet... + (22-1) Prat. oeeo (4) 


1849. Again differentiating (1) and (2) r times, and again squaring 
and subtracting, 
(p?—1) (PEt) — (PRP) } = (n -r)i (PP (n +r) (PR), 
or writing Va=(n-r)} (PPY — (p?-1)( prt 
Vn—Vnar={(n+r)?—(n—1-1)?}(PO)? =(2n -1)(2r+1)(PO), 
andif =r, V,=0; if m=r+1, Vrsi=(2rt+1)(P); 


whence gota (en-e. 1)°+(2n—3)( Pes)? +... + (2r-+1)( Pe"), 


or completing the series with zero terms and reversing the order, 
Val(2r+1)=(Po')P +3( PP)? +5 (PP)? +... + (20-1) (P2) 


1850. Illustrative Example. 

To find a series S which will assume a constant value A at all points on 
the surface of the unit sphere in the northern hemisphere, and a constant value 
B at all points of the surface in the southern hemisphere. 


Suppose the series to be S=Cy+0,P,+C,P.+C;P3+... 
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Then S= A from p=0 to p=1, S=B from p= -1 to p=0. Therefore 
multiplying by Pn, 


1 : 0 1 ro 1 
ki CyP,tdp= f BP„dp+ [ AP, dp; and | P,dp=(-1)"[ P. dp; 
ne 


: n A+(-1)"B p 
rs iai i By’ Padp= ~<a n(n+1) lato pry a} a 
A+(-—1)"B 
~ na) La- rag al 
A+B /dP, ; ae 
=r ) 79 if n be even (=2i) 


and #0, 
A-B (21+1) ? 
~ Q+1)Qi+2) * ae 1), if n be odd (=21+1) ; 
pan Ek. „. (2i—1) 
2.4... 2149) 


Also, if n=0, C= Se dp= 448; 


or 


ate Cx4=0, (i>0) ; Cii = (- 1) . (A — B). 


if n=1, 0,=3(4-B)[ pdp=3(A-B). 


Hence the series required is 
_A+B A-B{3P,_ 3 7P; 3.5 11P, i 
r Pete Da eee ts a Beh 


1851. In case the distribution be symmetrical about some other axis 
than Oz, the zonal harmonits may be expressed in terms of harmonics 
with Oz for axis. 


1852. For instance, if we require an expression in terms of Harmonics 
with Oz for axis, where the value of 
the function is A over the whole hemi- 
sphere with OA for axis and nearer 
to A, and is B over the hemisphere 
more remote from A, then we have 
just found an expression for such 
a function in terms of Zonal Har- 
monics with axis OA, viz. 30,,P,,. 
If P be any point on the spheri- 
cal surface, and we put 20A =a, 
20P=0, POA=6', AzP=4, we 
have, from the spherical triangle 
AzP, 

cos 6’ = cos a cos +sin a sin 6 cos, 
and P,,(cos 9’) becomes a spherical 
Surface Harmonic Q, expressed in terms of 0, 4, and the value of the 
function ao will be 

adt? Qo + = B(3Q, 3 7Q; 3.5 Tete}. 


1.2 2°3.4'°23.45.6 
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1853. List or WORKING FORMULAE FOR LEGENDRE’S COEFFICIENTS. 
TENTAN with regard to p are denoted by accents.) 
P. pi- pF. hin(n+1)Py =0; (1- p?) P, -2pP,’+n(n+1)P,=0; 


HA 
df? 


2. Rodrigues’ Formula; P,= any par" =1)". 


3 1.3.5... (Qn—-1) n(n—1) p 
a ak is n! Caen tg 
n(n —1)(n —2)(n —3) 
2.4(2n —1)(2n—-3) 
4. Py=1, P,=p, P,=3p?-3, P;=§p*— 3p, 


EERE} eA A B08 
eg Li at ay a 234P tz gP ete. 


prt+...). 


5. 
Py=5-Grt-2 


n! =a 


5. ph chive + (2n— 3) ——— 


(n+ ae SH 
eT E Peat.) 


Pia 


+(2n -7 


6. 1=Po, p=P,, p*=}Pot+§P2, p°=3P,+8P;, 
pt=}Po+4Pa t fP p>’=3P,+$P3+¢sPs, ete. 


z Le [3 dx 
? N (pt PFT 00s y)*dx == | erR 


8. Ë P„P,dp=0 if m+n, f Ptap= 


9. R; =(2n—1)P,_, + (20 — 5)Pr-s + (2-9) Pp_st.. „to Pe or 8P, 
eae! A 
n(n +1) 


at 


10. Pi- Pram) Pa We Pa -Paa= 
12. (n+ 1)Pn41— (2N + 1)pP, +nP,»1=0. 

13. nP,,,—(2n+1)pP,’ +(n+1)P,_.= 

14. pP,’- P. TERP Pe =pP, E e 


aza | s p*-l 
15. Pa- PPri = Pii PPa- Paa 


z. 


ve 
Py. 


16. Peai- pP,=n | P,,dp+C. C=0, ifn be even, and 


n+l 


Slapen GED * 
=- gmi Tp” be odd. 
5) : 


17. 14+3P,+5P,+7P3+...=0 for all values of p except p=1, and then 
is oc. See Art. 1857. 
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1854. The Roots of P,,=0. 

Between any two real roots of a rational algebraic equation 
Ff (x)=0, at least one real root of f'(x)=0 must lie; and if the 
roots of the equation f(«)=0 are all real, the roots of /’(~)=0 
are ali real, and separated by the roots of f(x)=0, and lie 
between the extreme roots of f(a)=0. The roots of f’(x)=0 
are therefore all real and lie between the extreme roots of 
f'(x)=0, and therefore between the extreme roots of f(x)=0; 
and similarly for all the derived functions. 


Hence the roots of P,=0, i.e. of sp I=0, lie 


between +1 and —1, for the roots of (p?—1)" are all real, and 
either +1 or — 1. 
Also no two roots of P,=0 can be equal. For if they 
dP. 


aa would have a common root. But 


dP, 
(p?— a a *+2p—— ap "=n(n+1)P,, 


and 
dP, sd s+1 P, dsP n 
(p?--1) ape +2(s+1)p dpe +{s(s+1)—n(n+1)} dp =0 


for all positive integral values of s. So that if P,=0 and 


4 3 
no we have a > Ta. etc., all zero. But this is 


tP 
M ND 3.5... (2n—1) (Art. 1840). 


Hence the roots of P,,=0 are all different and lie between 
+1 and —1. 

It is obvious from the forms of P,, shown in Art. 1818, that 
when n is odd one of the roots is zero. Also, that in any 
case as the powers of p are either all odd or all even, all the 
other roots occur in pairs, one positive and one negative, of 
each magnitude. 


contrary to the result 


1855. The Curves r=aP,, r=aP,, r=aP,, etc., are readily 
traced. 
(1) r=aP)=a is a circle, centre at the origin and radius a (Fig. 595). 


(2) r=aP,=acos @ is a circle of radius 5 touching the y-axis at the 
origin (Fig. 596). 
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(3) r=aP,=a eo} 


has max. rad. vect. r=a, r=5» where 0=0 or 


m, and 0=(2n+ 15, and touches the lines @= + cos~! 372 (Fig. 597). 


Ss 
rele, 


Fig. 595. Fig. 596. 


5 cos? @—3 cos 8 
2 


6=0 and +cos-!5~4, and touches @= + cos~!,/3/5 and 0=7 (Fig. 598). 
2 


aS 


Fig. 597. Fig. 598. 


4 
(5) r=aPy= | tate leo has max. rad. vect. a, where 6=0; 


> where O= > 34 it 9= ava: z» ete., and touches 0 = cost +a +] 820) 


and so on for tk of higher orders (Fig. 599). 
F 


(4) r=aP3=a has max. rad. vect. a and a/\/5, where 


'Fig. 599. 
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1856. We may now note the effect of a small harmonic when super- 
posed upon the graph of a curve otherwise circular by tracing curves of 
the type r=a(1+eP,), where e is a small positive fraction. We merely 
have to add with their proper signs the radii of the curves traced, multi- 
plied by «e, to those of the circie. 


(1) r=a(1+eP,) means that the radius of the circle is slightly but 
uniformly increased (Fig. 600). 


Fig. 601. 


(2) r=a(1+eP,). Here the new locus shows the substitution of a 
Limagon locus for the circle. _The Limagon lies partly inside and partly 
outside the circle (Fig. 601). 


(3) r=a(1+eP,). This change substitutes an oval for the circle, which 
is thereby extended at the poles, and contracted at the ends of the 
perpendicular axis (Fig. 602). 


on TT va 


ate 


ta Pe a 


Fig. 602. Fig. 603. 


(4) r=a(1+eP;). Here the circle is extended in three places, and 
contracted in three other places (Fig. 603). 
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(5) r=a(1+«P,). Here the circle is extended in four places and 
contracted in four others, and so 
on (Fig. 604). í 

If we revolve these curves about 
the axis, the corresponding shapes 
of the solids of form r=a(1+eP,) 
can be readily imagined ; r=a re- 
presenting a sphere, and «e small 
and positive. The shape is that of 
a sphere slightly swollen out at 
the pole, and surrounded by belts 
alternately lower than and higher \ 
than the normal level of the 
spherical surface, and when 2 is 
even the equatorial plane is a plane 
of symmetry. 

If the radius of the sphere be 
affected by other harmonics, e.g. 
r=a(1+eP,+¢’P,,), the locus can 
be similarly constructed by superposition, z.e. the addition of the separate 
effects to the radius of the sphere. - 


“cnc” 


1857. A Remarkable Discontinuity. 


The expression 1+3P,+5P,+7P,+...+(2n+1)P,+... is 
discontinuous. It vanishes for all values of p except p=1, 
when it becomes infinite. 


For (l—2ph+h?) a > P,h", and differentiating, 
0 


(p—h\1—2ph +h?) *=>> nP, hr, 
1 
Multiplying the second by 2h, and adding to the first, 
(1—h2)(1—2ph +h2y t =D) (2n+1)P,h”, 
1 


w 


and putting h=1, > (2n+1)P,=0 


for all values of p except when p=1, t.e. at the pole of the 
sphere, and there the expression becomes infinite, being the 
limit when h—> 1 of aie 
Similarly putting h= —1, 
1—3P,+5P,—7P5+...+(2n+1)\(—1)"P, +...=0 
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except when p=—1, d.e. at the opposite pole, and there it 
becomes infinite. 


We also have f Fa +3P,h+5P,h?+...)dp do 
—iJo 


=f [sin 0 dð dg. — H r -lc 
odo (1—2h cos 0-+-h?)* h L (1—2h cos 6 +42) 0 


a A E A E a EE, 
=r pty |=27 -2st 


1858. Physical Meaning. 

The potentials produced at points within or without a spherical surface 
of area S and radius 7) by a layer of matter on the surface of surface 
density (2n+1)P,/S are respectively 
Par”iret! and Pyrg"/r**), For both 
these expressions satisfy Laplace’s 
Equation; the second vanishes at œ 
and Green’s surface condition is 
satisfied, viz. that the difference of 
attractions on two points on the 
same normal, one just outside and 
one just inside, is to be 4r x surface 
density. And such a solution is 
unique. 

Take a particle of mass unity 
situated at the pole C of the sphere 
with centre the origin O and radius 
ry. The potential produced at any 
point P distant r from O in colatitude cos p is 


(r2 — 2pror + e a SRAT]. or *zp,(%) as r < or >T ...(I) 
To To r r 


Fig. 605. 


and we have seen that an internal potential Py and an external 


potential Pe are produced by a distribution of surface density 
which varies as (2n +1) Pn. 
Hence the potentials (I) are produced by a distribution }(2n+1)P,. 
0 


But the distribution producing a given potential inside and outside is 
unique, and we have seen that a concentration into a point at the pole C 


does produce it. Therefore the distribution ¥(2n+1)P, must represent 
0 


a concentration of matter into a single point at the pole C, and must 
therefore vanish at all points of the sphere except at the pole, where it 
must become infinite. 
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This theorem is of great service in obtaining expressions for the 
potential in the case of discontinuous distributions of matter. 


1859. Let P be a point at which there is no attracting 
matter, O the origin, Q the position of an attracting element 
of mass m; OP=r, OQ=r', PQ=R. Suppose the attracting 
body to be a homogeneous solid of revolution whose axis is 
taken as the z-axis. Then the potential at P is expressible 


in the foni VaE PAE AP ye + EB, where A., B, are 
0 0 


constants; the first summation 2A,P,r® referring to that for 
all those particles for which r <7’, and the second for those 
for which r > 7, and this is a unique solution. Now supposing 
that the potential is known for these two parts in convergent 
series for each such portion at each point on the axis, where 
P,=1, then the values of A, and Bn are known for all values of 
n. Therefore, assuming that the potential at any point on the 


axis is expressible as 2 (4,0+22), its value at any point 


‘off the axis may be at once written as 5 (4,0 iy PS 


1860. Consider the expression 


Š(2n+1) Pa(A) Pal 
where P,,(A), Pn(u) are Zonal Harmonics 
and A, u the cosines of the colatitudes of 
two points. 

Take the case of a circular wire of 
infinitesimal section. Take as origin 
the centre of a sphere of radius rọ of 
which the wire forms a small circle, 
and let the z-axis be the normal to the 
plane of the wire. Let M be the mass 
of the wire considered of uniform line- Fig. 606, 
density. > 

The potential of the wire at a point Z, (0, 0, z) on the z-axis is 
M (r? — 2Aryz +2?)7}, where cos is the angular radius of the small circle, 


t.e. E Sry or d 3 p,(a)(") as z< or >T, and therefore 
To 0 To 2z 0 z 
at a point Q in colatitude cos~'y and distant r from O, the potential is 


x ŠPA) Palw)( y at Q., where r <7); and 2S PalA) Palu)(22) ab Qe 


E 
To 


where r > 7. 
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Now (2n+1)P,(A) is the law of distribution of surface density giving 
a potential « Pa” within and « P,/7+! without the sphere. Hence 
a surface density S(2n+1)P,(A) P,,(u) will give the same potentials as 

(H 

it has been seen that the distribution of a uniform line density 
along a circular wire gives, and is unique. Therefore the expression 
D(2n+1)P,(A)Pn(4) must be zero at all points of the spherical surface 
0 
except for such points as lie along the small circle of angular radius cos A, 
where the surface density is infinite but the line density finite. That is, 
the expression is zero except where À= p, where it is infinite. 


The theorem is similar to one occurring in Poisson’s discussion of 
Fourier’s Theorem, Chapter XX XV. 


1861. Practical Method of Expression of a Rational Integral 
Algebraic Function of x, y, z in Terms of Harmonics on Unit Sphere. 
Let H,,=Ax"+a""(By+Cz)+a"-*(Dy?+ Eyz+F2*)+... be 
the general homogeneous expression of degree n, which con- 
tains $(n+1)(n+2) coefficients. Subtract.and add 
(w+ y?-++2*)H,_», where H,_,=A’a"*+a"3(B’y+C’z)+..., 
which contains $(n—1)n coefficients A’, B’, C’, ... to be found. 
Apply the operator V? to H,—(a?+y?+2)Hy_», Viz. 
(A—A’)a* 4... 
We then obtain, after this operation, by equating to zero each 
resulting coefficient, 4(n—1)n equations to determine the 
4(n—1)n quantities A’, B’, C’, ete., and A,—(a*+y?+2)Hy_» 
becomes a spherical harmonic of degree n. Next apply the 
same mode of procedure to H,_,, and so on. We have then 
expressed H, in the form 
Yn +r rY a) +74 (r-* Vag) +... 

or r(Y,t+ Yast Yat) 
and if we take our sphere as r=1, we have 

YatYn-2tYnot--, 
a series of surface harmonics. 

If the rational integral algebraic function considered consist 
of groups of terms of different degrees, the same rule will 
apply to the terms of each group. 

As a preliminary to such procedure, all terms which are 
obviously already solid harmonics should be laid aside, to be 
restored when the process is completed, amongst the other 
harmonics of their own degrees. 
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1862. Ex. Express 
= Ay% + Ay +a? + bye? + day? + baz? + bayz + bszx + Dery + caryz 
as a series in the form r3Y,+r?¥Y,+rY,+ Yo. 
We only need consider the terms 6,2? + bay? + b32*, 


4.0. (b, —A) x? + (by— A) y? + (bg — A)z* + A(x? + y? + 2%), 
and V(b, = Aa? PH (ba Js A)y* + (bs = à)z2] = 2(b, Si ba iF bs = 3A)= 0 
, g-o [Phib a ihh pa, Mm bam 
+ bayz + bszæ + bevy] 
+ [aye + ayy + age] + tat Pays 
which on the surface r=1 is of form Y+ Y.+ Y, + Yo. 


1863. If the function be not already expressed in Cartesians, 
it is usually best to express it so first. 

Ex. Express sint ĝ sin? 2¢ in terms of Surface Harmonics. 

sint @ sin? 2= 4(sin 0 cos p)*(sin Osin )?=42%y?  (r=1), 
and proceeding as before, 
=A ty? — 19 (aha + sy? A) + afer Gat + By? — Met) + ty Fe 

and putting w=sin 0 cos $, y=sin Osin $, z=cos 0, and r=1, we have a 
result of the required form Y,+ Y,+ Yo. 

1864. Change of Axis of a Legendre’s Coefficient. 


If P,, be Legendre’s coefficient of order n, we have the series 
of solid harmonics 


Pr=z; Py’ =, t ee 

—82r? _228—3za°—3zy? | 
eee acd gad 
Writing ne aca for z, where ?-+m?+n?=1 and 


x+y?+ g2— X24 Y2+ Z?—R*, these solid harmonics become, 
when referred to new axes OX, OY, OZ, 1X+-mY-+-nZ; 


P; p= p — 8p “21° etc. 


BUX + mY +nZ)—(XP4 ITZ). 5(X++P-3RAX++). ste 
2 è 2 > -$ 
and the axis of this set of harmonics is XXL viz. OA 


(Fig. 607). 
If we transform to polars so that this line is given by 
l=sin 6’cos ¢’, m=sin 6’sin ¢’, n=cos 0’, and X=Rsin 9 cos $, 
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Y=Rsin sin ġ, Z=Rcos0, the axis OA of the new set of 
harmonics is inclined to the new Z-axis at an angle 6’ and 
the azimuthal angle is ¢’, and the expression 

X¥+mY+nZ 

R 
and is still a cosine, viz. the cosine of the angle between the 
original axis OA and the direction OP of the point X, Y, Z. 
If then we take r= R=1, and if, instead of p, we write 
cos Â cos 6’-++sin 0 sin 6’ cos (¢— ¢’), 

we get a more general form of Harmonic than the Legendre’s 
Coefficients. There are now two independent variables 6 and ¢, 
6’ and ¢’ being regarded as known. 

The Harmonics in their new form are known as Laplace’s 
Coefficients and denoted by Y,, Y>, Y;.... Thus for Legendre’s 
Coefficients the z-axis OA is taken as the axis of the system, and 
AOP=8@. In Laplace’s Coefficients the axis of the system is 
the line 6’, ¢’, and the direction of P is 0, ¢. 


is cos 0 cos @’-++sin 0 sin 0’ cos (¢— ¢’), 


N 


Fig. 607. 


The curves for which AOP is constant are a set of parallels 
about the axis of the coefficient in either case, viz. cos 0=const. 
for a Legendre’s Coefficient, and 
cos 0 cos 6’+sin 0 sin 6’ cos ¢— g’=const. for a Laplace’s Coeff. 
Both sets are Zonal Surface Harmonics. When multiplied by 
r”, i.e. OP", they are Zonal Solid Harmonics. If we further 
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transform coordinates so that Z becomes the distance from 
any other fixed plane through O, the Solid Zonal Harmonic 
remains a Solid Zonal Harmonic and the Surface Zonal 
Harmonic remains a Surface Zonal Harmonic. 


1865. Tesseral and Sectorial Harmonics. 

Take the case of an unreal plane Z=z+a(x-+ıy), l=a,m=a, 
n=l, so that l?+-m?+n?=1. 

Then, if F(z) is a Solid Spherical Harmonic, so also is 


F{z+a(x+wy)}, i.e. 
2 8 
F(z) +EH) P(e) + 5+ ey) F"@)+ h +5 (e+ wy) F"(2) +... 


also satisfies Laplace’s Equation V?V=0 for all values of a, 
and the equation being linear each term of this expansion will 
also do so, and will itself be a Solid Spherical Harmonic; and 
taking either sign for :, we have new forms of Solid Spherical 
Harmonics (x+:y)*F(z). Also their sum and difference are 
also Solid Spherical Harmonics. Therefore transforming 
to polars with r=1, x=sin@cos¢, y=sin@sing, z=cos 90, 
sin’ @ cos sø F (cos @) and sin’ @sin sp F)(cos@), or, what is 


the same thing, (1— py COs 8p oe and (1— p? sin sġ ore at 


new forms of Spherical Surface Harmonic functions of 0, ¢. 


1866. These new Harmonies are called Tesseral Harmonics 
of degree n and order s. When s=n, 
CP ar. 


dp = dp" =1.3.5 ... (2n— 1), a constant. 


Rejecting the constant, (1—p?)” cos n¢ and (1— p?) sin ng are 
called Sectorial Harmonics of degree n. 

It has been seen that in the case of a Zonal Harmonic its 
vanishing gives an equation of degree in p with all its roots 
real, and the spherical surface is mapped out into a series of 
belts or zones by circular sections at right angles to the axis 
of the Harmonic, the angular radii of which sections are 
determined by the roots of this equation. 

In a Sectorial Harmonic the roots p?=1 give the poles in 
which the axis of the Harmonics cuts the sphere. But in 
addition we have, by’ the vanishing of such an Harmonic, 
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cos n@=0 or sinng=0, as the case may be, which indicate 
roots np=Wr +5 or Ar; i.e. a set of great circle sections 


through the axis of the system of Harmonics, which therefore 
map out the surface of the sphere by meridians. 
In the ne S hs a Tesseral Harmonic the vanishing of 


$ cos 
(1—p?)° ane sp ie 
(ii) the veetient (in number s), the solutions of nt 


dp 
This is an equation of degree n—s in p determining n—s 
small circles whose planes are at right angles to the axis of 
the system. 

The surface is now mapped out by these meridians and 
small circles into a set of tile-shaped elements or tesserae. 
Thus to any Zonal Harmonic correspond new Harmonics, 
Tesseral and Sectorial, which are all species of Laplace's 
Functions. 


1867. The most general homogeneous function which is 
rational with respect to x=sin 0 cos p, y=sin 0 sin p, z=cos 0, 
and of the n degree, for which r is put =1, and which satisfies 
the equation 


A I 1 20 i 
2 (a-e) FE + min +1)0=0, 


i Q=d_P,+ DCA cos kp +b, sin kø) sin* 0 as , 
1 


where P, is the Legendrian coefficient of the n'è order. 

For considering the expression A,cosk¢+B, sin kg, 
A, cos ko could not be a rational integral algebraic function of 
sin @sin $, sin ĝcos ø, cos@ unless A, itself contains a factor 
sin* 0. 

Put Q=cos kø sin* 0 . v=cos ko . u, say. Then the differential 


a2 
du a}u=0; 


equation hadnt (t= te- m — Qu di +{n(n-+1)— 
u 2 
(1) a e+ + {n(n-+1)—k(k+1)}0=0, 


k 
and writing w=(1—,*)?v, we have 
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which is Ivory’s Equation of Art. 1839, where 
ee dua, 
v= 5 AP» + BP, pai j (Art. 1816). 


But as we require the integral function of u which will 
satisfy the general equation, we take B=0. Hence 
nig eee 
a ran 
Q=A cos kọ sin* 0 Bun 
satisfies the equation. And in the same way, starting with 
Q= sin kg sin*@.v, we should have arrived at a solution 


Q= Bsin kọ sinto ZE *; and these solutions hold for all posi- 


tive integral Hl ki of k. Hence the most general solution 
of the kind required, viz. homogeneous (with r=1) and a 
rational integral algebraic function of sin @cos ¢, sin @sin ¢, 
cos 0, is that stated above, viz. 


Q= aP, +X Me cos kp +b, sin ko) sint A ip 


where u=cos0, and contains 2n+1 arbitrary constants. It 
is clearly useless to continue the summation for values of 
k >n, for the last factor would vanish for such terms. 

It thus appears directly from this form of the Laplacian 
Equation how the Tesseral and Sectorial Harmonics arise. 


1868. To expand any Function of u and ¢, say F(u, $), in a 
Series of Laplace’s Functions. 

We have seen when p is any quantity between +1, that 
with the definition (1—2ph+h?)4=1+P,h+P,h?+..., we 
have 14+3P,+5P,+...+(2n+1)P,+=0 except where p=1, 
when the sum becomes ©. Let p stand for the cosine of 
the angle between the direction u, ¢ and a fixed direction 


w, p, so that p= uu’ +/1— 2/1 — 22008 (¢— $’), and consider 
the integral fh 143P,+5P,+...)F(u, p) dudd¢. 


If we integrate over any closed region S on the sphere, which 
is not cut by the direction py’, ¢’, this result is evidently zero. 
If the integration extends over the whole surface of the sphere, 
the direction w, ¢ must be included; but no part of the 
integration contributes anything to the result except that 
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included in a very small contour about the direction w’, ¢’, and 
in this direction F(u, ¢) becomes F(u’, ¢’). Hence the value 


of this double integral is F(x’, #)|[0+3P,+5P.+-...)du do, 


taken over the infinitesimally small area within the small 


contour just enclosing w, ¢. But as 14+3P,+5P,+... 
vanishes at all other points of the sphere, this is equal to 


F(u, @')| (E+3P,+5P 2+...) dudg, 
taken over the whole sphere, =4rF (w, ¢’), by Art. 1857; 
i E bo ae 
2 Pl, #) =e X Cn +D) | [Fu HPna dudo. 


When the integrations are effected each term is a function 
of u’, ¢’, which enter through the P functions alone, and each 
term will satisfy Laplace’s Equation and be a Laplace’s 
Function. 

This proof is due to O’Brien. 

When F(u, ¢) is itself a Laplace’s Function, say Y,, we have 


AF Pi 3 2r+i{[¥,P, didi 


where Y,,. represents the value of Y, along the axis of the 
functions, t.e. when u=p and ¢=¢’; and every term vanishes 
except that for which r=n, whence 


Lp Aor Y y/ 
P eee 


Wwww.rcin.org.pl 


PHYSICAL CONSIDERATIONS. 927 


1869. The Value of the above Integral may be readily deduced by 
Physical Considerations. 

Take a layer of matter of surface density c= Y, on the surface of the 
sphere (radius a). The potential at any internal point C at distance r from 
the centre and R from the element d8, 


‘fet. odg PTE : ‘pe 
te R Saes] walle as tai 


ice. ae J 1 eT 


I 


Similarly, at an external point, 
2 
V.=[Yar(Pot Pie ai +...) a8, 


ine. Ve: =[¥. P, ds. 


no 


But, by Green’s Theorem, 


eee ( Dewey. \s: 4 
Died Ngee a TEY 
at any point A of the surface. Fig. 609. 


A aye 


i Y,P,dS =4rY,,’, and dS=a*dw, where dw is the elementary 
solid cue subtended by dS at the centre. 


rY, 
n+l 


Hence fE, Px dw =5 


1870. Lemma. 
d 
If uw=p+l1, v=p-1 and Pag we may show, by applying Leibnitz 
Theorem and comparing the r” non-vanishing terms on each side, that 
usySDMtsy Ny" (n + 8)!=D"—u"v"/(n—s)!; i.e. that if z=(p?—1), 


ADM+s2M/(n +8)! =z" Dn-s2" |(n — 8). 


1 
Hence Í 28(D™+8z")2 dp 
I 


is ae (n+8)! 
a Tns z Tpn-szn dp. 
B Dr+szn 2 7 D)"*—s82% dp = 


! fi 
-ma i Dts, D®-sz" dp, and integrating by parts, 


_(n+s)! (a yf (Dr )Pdp 


~ (n=8)! 
(n+8)! on + Pere" 2 
ore 1)8(2 mf P,2 dp -0t Kl- 1)9(2". n1). TT 
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1871. Integral of Product of Two Harmonics over Unit Sphere. 
If Y,, Z, be two Spherical Harmonies each of degree n, viz. 


| AgKo+ 3\(A, 00s 36-+B, sin 9) K, 
1 


and gKg+ $ (as cos sp +b, sin s¢) K,, 
where K,=(1— PEPO (Art. 1867), we have, upon integrating 
the product with regard to ¢ from 0 te 2r, 

f EATER A O = (A,a, LBB) Ke, 
and integrating this with regard to p from —1 to 1, we have 
by the Lemma L hrg do 


(n+s)! 2r 


= 21 Agdys Tit bat) eS a Ink 


matty (aden St amd} 


In the case when the harmonics are of different orders, 


viz. n and m, 2r 
i |" YZudpdp=0, by Art. 1783. 
-1 0 


If the harmonics be identical, t.e. Z,= Y,, we have 


‘an Y, tdp gz (24 Seeger Be). 


1872. If any function of u, p, say V=F(u, $), be expanded 
in a series of Laplace’s Functions as V= Y9+-Y,+Y.2+Y3+..., 
which is true upon the surface of the sphere r=qa, then at 
points within the sphere we shall have 


r 2 

Vi=Yot Y,-+ Yeates 

and at points without 
a aè a 

Ve=Yort+Vigt Ysa t- : 
For each term is a spherical harmonic satisfying Laplace’s 
Equation and satisfying the conditions at the surface, and the 
latter vanishes at oo; and there is but one value of V which 
does so. 3 

Thus, when V is given all over the sphere, we can write 

down its value at any internal or any external point. 
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1873. Differentiation of the Zonal Harmonics 


2Z,=P,1", Z atm, 


p” 


With cylindrical coordinates (p, ¢, 2), 
r=J/2+ 2, w=cos O@=2//2+ p?, 


AND EIEN Se A NN ag SL, I a 
dz /2®#+ p? dz t soe ” Op r 
R eT ee D. O, 
Then ate > Ou.’ api Ns LA 
ai xe 
——ss { unP = 12) G2} mPa (Art. 1844), 
A) 
E i 
2 S ate pee ee, ae m= -nr P = nZ an. 
Therefore, whether z be positive or negative, os = =li, a 
rule analogous to the differentiation of a power. It follows that 
OZ, 2 "Z 
aa te— Diei ar =i—1).. (i—r+1)Z;_,- 
Again, by Arts. 1843, 1845, 
Sava ee (nP,—x aP a) = —J/1— pêr" aE al, 
j r (B) 
a {Ppt uot) = — Vir 
Op du 


1874. Change of Origin of Zonal 
Harmonics to a New Origin O' or the 
same Axis Oz. 

Let n be a positive integer. 
Taking O as the origin and Oz as 
the axis of the Zonal Harmonics, 
Z, is a function of p and z alone, 
=f(p, z) Then taking O’ at the 
point (0, 0, —a), the new ordinate 2’ 
of any point P, whose coordinates 
are x, y, z with regard to axes with A 
origin O, is when referred to parallel 
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axes with origin O’, z+a, and the corresponding Zonal Har- 
monic Z, is denoted by f(p, 2’), i.e. f(p, +a); and this being 
of degree n in z, we have 
of vo an onf 
Zu fas tay agate tar Ben 
the accent denoting E; Zonal Harmonic of degree n with 
reference to the new origin. That is, 
OZ, , a? OZ, a” d'Zan 
Saturn aa t3] Dz? idl Tal Oa" 


Ma 2 


=Z, + nan +a Ant on nar +a" 
Similarly, if the diet ike be of negative order, 
Z_, and r> a, we have a series in ascending powers = but 


extending to œ. For, as before, Z_,.is of form F(p, 2), 


Z1,=F (p, z+a)=F+a ice oo ie 
nR, ee I ral, poet) fe a ean hd tap : 


But in cases where % being measured from the first origin, 
is. <a, this expansion is inadmissible. We then have 


Z! ={ +y?+ (2+a)} t= (a? +2ar cos 6+r2)4 
3 1 r r? 
=; (P.P +P, a...) 
Hil Zi, Ža Z 
i a r a E AEO 
Differentiating with regard to z, i.e. with regard to z-+a on 


the left side, 
(ZA at we 3Z, weet $25. J 


dz a? a'e 
' ARE Ao ee 
t.e. TE TEO e A 


Differentiating again, 


1.2244 (1.22, —2.3 Alpy. E R 


ay etc., 
and thus, ký: continued differentiations, we arrive at 


z -e4 nak aie arina, 
-ali ‘ 1.2.3 ae J} 
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PROBLEMS. 


1. Show that 42° + By’ + C28 — $ (a? +y? + 2°)(Av+ By+Cz) is a 
spherical harmonic, and that the corresponding surface harmonic on 
unit sphere is 


(A cos*¢ + Bsin®¢)sin® @ + Ceos* 6 — $(4 coso + Bsin¢)sin 0 — 3 Ccosd. 


2. If OA, OB, OC be three perpendicular axes cutting a unit 
sphere with centre O at 4, B, C, and if P be any other point on the 
surface, show that cos PA cos PB cos PC is a surface harmonic. 


3. ABC is a fixed quadrantal triangle on unit sphere, and a 
point P moves on the surface, so that 


V =acos* PA +b cos? PB + c cos? PC + 2fcos PB cos PC 
+ 2g cos PC cos PA + 2h cos PA cos PB 


is a surface harmonic. Show that the cone V =0 has three perpen- 
dicular generators. 


4. If P, be Legendre’s coefficient of order n, show that 
f P,Pn(5P, — 3)dp=0, 
= 


unless n = 3, in which case the value is 6/7. 
5. Show that 


1 a 1 AEN 
| (PI + P38 + PoV5 +... + PrV2n + 1)? dp =2(n+1). 
-1 

6. Show that f p*P,dp=0, except in the cases 

-1 
1 1 i 1 gi 
f pra =, f pis dp = 3°55 [_ 2? dp = 3y°5- 

7. Show that f! mPa dp=0, except in the cases 

-1 


1 1 1 
[pat | pePadvmats, [Pode 
—] — = 


8. Show that the area of one of the larger loops of the curve 


R al 
r=aP, is $5 (5v3+ 11 cos 1) 


9, Show that if « be very small, the area of the nearly circular 
figure r=a(1 +¢P,) is approximately ma? (1 + $e). 


10. Show that if « be very small, the volume of the nearly 
spherical surface r=a(1 + eP,) is very approximately $ ra’ (1 +82) 
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11. Show that if R?=1- mene R2=1 - 2Bx +22, 


f i-jet 


and deduce the values of 
1 1 
f PmPndp, m+n, and | Pa’ dp. 
=l -l 


12. Show that 


sin36 1 8 sin 4 4 16 sin5ð 1 8 128 
ang 7315733 ‘sin 0 = Prt 5 s5 ‘sind 5 +g Pot 35 le 


13. Give the rational integral function of the second degree of the 
three quantities, sin A, cos À sin 6, cos À cos 0, and put the terms of 
the second order under the form 

¢, sin? À + (c, sin? 0 +c, sin 0 cos 0 + c, cos? @) cos? À 

+ (c5 cos 6 + cg sin @) sin À cos À, 
and show that, with the addition of an arbitrary quantity c,, it 
becomes a Laplace’s function if 3c,= — (¢, + C3 + 63). 

(Smirx’s Prize, 1876.] 

14. For points z, y, z which lie on the sphere 2?+4?+2?=1, 
express Q as a series of surface harmonics, where 

Q=a+ 2y + 3z + 4a? + Sy? + 62? + Tyz + Sex + Ixy + 1028 + Llayz. 


15. Express sin‘ ô in a series of siy coefficients as 
sin 1-5 P,- Sed +35 PE 


Why cannot sin*@ be a in a om series of spherical 
harmonics ? [Matn. TREP., 1873.] 


Pi 
— ae prove that if [Pad be taken to 


vanish when p=1, 
fenu- cacy -1) 5 Pyyx=(2n+1)[Pq dp + Py. 


Show how by the help of these formulae the numerical values of 
P,, Pz, Ps, ... Pns and those of their differential coefficients, may be 


conveniently found for any given value of p. 
[Pror. Apams, S.P., 1873.] 


16. lf Pa= 


17. Prove that 


0 1 
log (1 + cosee 5) =Po +4 Pi t+5Pot+tPzt+.... [CoLL. Ex.] 
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18. Obtain a solution of the differential equation 
q (sin oe Ps) +n(n+1)sineP,=0 


in the form of a series of cosines of multiples of x. 
[MatH. Trier. II., 1888.] 


—k-1 ao 
19. Show that if'(1-2a+a*) ? =1+ X Qna”, then will 
0 
(N+ 2) Qnyo (2n +k+1)tQn t+ (n+k-1)Q,= 


[E. J. Rourn, Proc. L.M.S8., xxvi. 
20. Prove that if 


Vea(1 -2ax+ 02) 4 =14+ Kyat Kyo? +... + Kyo +..., 


(i) ok aK = But; 


22V 
(ii) (1 - aor +a? 55 = 1202/8 ; 


(iti) (1 — 2) K,,” - 4a K,' + n(n+3)K,=0; 

(iv) (n+1)Kyyy — (2n + 3)aK, + (n+ 2) K,_1=0; 

(v) Ky’ =(2m+1) Kya (2m 3)Kyg + (20-7) Ky g + o. 
(vi) 2n+3)[Ky de= Kny - Kya + const. ; 


a E va +9Py+...+(4n+1)Po,. 
(viii) "Ea K,,dz=0 or (n+ 1)(n +2), 
according as m+n is odd, or even and m ¢ n ; 


_2m+1 
21. If V=(l-2ap+a?) * =1+2Q,0%, show that 


1 AE; 
On= 13 (2m — 1) (i min: 
amt} 
22. If V=(1-2ap+a*) 2? =1+2Q,0", prove that 
PE 2m(2m +1)... (2m+2r-1), pao fi 

(i) [_ 2 dp OTT EI MD} radam, 

23. Show that the roots of 
n n(n—1) g-a U(r 1) n(n--1)(n—-2)(n-3) 
I 2n(2n - 1) 1.2 2n(2Qn —1)(2n — 2)(2n - 3) 
are all real and unequal,.and lie between 1 and - 1. 


g” — gni.. =0 
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24. Prove that one solution of Legendre’s Equation 
(1 —2*)y, — 2ay, +n(n+1)y=0, 

where n is a positive integer, is a polynomial of the n™ degree, and 
determine it. 

25. Prove that a like statement is true of the equation 

(1 —2*)y, + aay, +n(n-1—a)y=0 

unless 1+a-—-— be one of a series of numbers n - 2, n—4, n - 6, .. 
which terminate in 1 or 0, according as n is odd or even, and in that 


case a polynomial of degree 1 +a -n is a solution. 
[Matu. Trip. II., 1918.] 


26. P,(“) being the coefficient of 4” in (1- uh + h2)-* and m, n 
1 
unequal, show that | pPnl(p)Pmlp)dp is zero unless m and n 
=f 


differ from one another by 2, and that when m=n+ 2, its value is 


2(n + 1)(n + 2)/(2n + 1)(2n + 3) (2n + 5). (Maru. Trip. II., 1916.] 
If m=n, show that the value is 


2 (4n? + 6n? — 1)/(2n — 1)(2n + 1)?(2n + 3). 
27. Prove that 


(i) j (1-28) Pu (@)Pa'(@) d= 0 (nm); 
(ii) Í à (1-2?) {Pn (£) } de =2m(n+1)/(2n +1). 
| (Marx. Trip. II., 1914.) 
28. Prove that Py4, — Pp = (2n + nf”, P,dp = (2n+ pf Pa dp. 
29. Prove that 
(i) [Palcos 6) dé =0 or a er eee te n is odd or even ; 


3...(n—2))\? 


(ii) ji cos 0P„ (cos 0)d0=0 or ral {; : } as n is even or odd. 


30. Show that 
(i) (-py t= 5{1+5(5) P, +9(54 1) A4 (aie a4) Pot “8 
(ii) ` msa aa -13(5-3) Nha 


PRRD ai 
(iii) JLA -33.3 zP + GP +1 (54 a) gP tree 
[Use formula of Art. 1813.] 


[CRELLE, Jour. LVI. ; TODHUNTER, Functions, p. 115.] 
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Pin PS Pf - Pb Peaks Pe =-Pf 
31. Show that PTP PPU P7- P” ji D Py? are 
respectively equal to (p?--1)/1?, (p?—1)/2%, (p? — 1)/3*, (p? - 1)/4?, 
+/6- 
= Fori. 


and that P,= P,, when p= -}0or1; P,=P,, when p= 


32. Prove that 
Pè + 3P +5P2 + ...+(2n+1) P,? =(n + 1)*P,2 — (p?-1)P, 4. 
(Marx. TRIP., 1888. ] 
33. Prove that 
Po? +3P,'2+5Py 2+... +(2n+1)P,/2=4{(n+2)*P,'2 - (p?- 1) Pp?) 
(Mata. Trip., 1888.] 
2+1 
34. If (1 - Qar + a?) 2 =] + Zia + Zaa? +... + Znan +. n, | being 
a positive integer, show that, accents denoting differentiations with 
regard to 2, 


(i) j: Z„Z„dz=0 if m+n be odd; 
2i 
(ii) (1-292, -21+ 1)2Z, +n(n+2+1)Z_=0; 
(iii) LEET TEE —5} Zy_g + {2(n +1) TT A 
35. If (1 -— 2az +a? Mk? > Pin, na”, show that 


d l 
(i) eon, n- m. n—1 = Pm, n> 


X ONF a. » apni 
(ii) (1 — z?) Tat n (2m4 1) +n(n+2m)Pm n=0; 


1 
(iii) | : (1-28)"-$P,, Pm t=, ren; 


22m—1 TT (n + 2m — D rama y. 


f 1 
(iv) j0- i a aa m+n Na) (2m - 1) 


36. Show that, if k>œ>0 and P, be the Legendrian coefficient of 


order A, 


. pera ar, 
aT (z? - 1) a 


ie s m and n being different 
ii) | 2? Pan de= Lf 2?P dz;\ positive integers, and p 
(ii) f IEUS Loe a : any positive quantity. 
pe pan PP. dx: 
(iii) p OPP aig dt p+nt3 K mpna (Mara. TRIP. II., 1889.] 


37. Prove that P„(sec 0) = = [seo"9(1 + sin 6 cos x)"dx. 
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38. If P,,(») denote Legendre’s coefficient of degree n, show that 


dp is zero unless m ~n be unity, and determine 
[Maru. TRIP., 1896.] 


1 dP, dP 
a OY) howe m 

jn p°) d 
its value in these cases. 


39. Prove that 


m 
1 m=" (g2 — 1) drnim 2 1)™ 
4 (a 1) m ae ) cos mọ, 


tag {(n+m)! 


(a + cos pa? — Palys kada Pe 1)" + 


and deduce the formulae 
' qr-™ (x = pe drim 
(i) (a-m)! Ta E 1)%= (vem)! dara- 1); 


i 1 a 
(ii) P,(@)== f (w@+cospva*—1)"dp. (Marn. Teir., 1887.] 


40. Denoting by P„(m) the Legendrian coefficient of order n 


prove that if m ¢ n, 
f d?P,, PPn gp _(n-l)n(n+1)(n+2) {3m(m+ 1)- n(n+1)+6} 


dp? dp? 
if m+n be even, but zero if m+n be odd. 


41. Prove that if n be a positive integer (sinkt )” sepa ital, is 


e veoh + ..}, 


(Maru. TRIP., 1897.]} 


equal to 
4 a te 


(- 1)"2"n! coth"a {1 + 
and that either expression ate the differential equation 


2 ay 
sinhêg Oa =n(n + 1)y. (Maru. Trip., 1897.) 


42. Prove that 
cos np cos gt T cos nọ sin $ 


@ 
tS E (cos 0) = Í wes 
W i Jeos $ — cos Ô ¢ — cos rhe Vecos -cosp 


except when n=0, when the right side =2./2P,(cos 0) 
[DIRICHLET ; TODHUNTER, Functions of Laplace, p. 35.] 


43. Show that if the usual polar variables 0, ¢ be replaced by 
.e+= —y, the surface harmonic of 


x, y defined by cots. eb =x, tan 5° 
eV 4 mn +1) V=0. 


order n satisfies the equation = nop G- 
If V be any solution of this equation, verify that 
onl o kt el eee Or 
Ot: Oy? Om. oy’ On Oy 
(Maru. Trip. II., 1889.] 


are also solutions. 
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44. Xn is the solid Zonal Harmonic of positive order n, having 
the axis of z for its axis and the origin of coordinates for its 
origin; X,, is the solid Zonal Harmonic of positive order m, having 
the same axis, and a point distant a from the origin for its origin ; 
prove that 


Xp =X, 4X yg + AO) 


L: 


a Xn-a t- + nan 1X, +a". 


The corresponding Zonal Harmonic of negative order being 
denoted by Y,,', prove that for points included within any sphere 
whose radius is less than a, and whose centre is the new origin, 


1 1 tI XY (n+2)!X,_ (n+3)! X, al} 


Y= aa mt! a. Qin! a® 3!n! a8 
Obtain the expression for Y„ for points outside any sphere 


whose radius is greater than «a, and whose centre is the new 
origin in the form 


ine (n ancl 


2! n! 


Ya = Yp- OV pty + 


(Maru. TRIP., 1885. ] 
45. Prove that the series 


PPSD (4541) Tears Pa 


is equal to —» for all values of » from —1 to 0, and to p for all 
values of » from 0 to 1. Apply this formula to calculate the 
potential of a hemispherical shell whose surface density varies as 
the density from a diametral plane at an external or internal point. 
[Maru TRIP., 1878. ] 

46. Show that the surface 


ae al 5 1 SF... U3 9, 13.5 13F, | 


5+5704~5-43.6'9-4.65.8 ~ 


consists of two equal spheres which touch each other at the origin. 
(Maru. TRIP., 1884. ] 


47, If e=sna+A,sn°a+A,sn'x+A,sn’e+..., show that 


mare 


(241) Aggin =k" + kal — By 


4 + 2)(n+ Nb 1) 
92.4 


kr-2(1 — k)i + ete. 


2 (x 
yt | {dn(u, k’)}2"+1du, 
T Jo [Martu. Trip. III., 1886.] 
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48. Prove that if p?=2?+¥4? and r?=p?+2%, then U; being the 
solid Zonal Harmonic of degree i, and P; the corresponding Legendre’s 
coefficient, oe A 
gp lar [P iR] 


Ui» 
and op TKS =r [Pi - i(i- 1)Pi} 


where accents denote differentiations with regard to the cosine 
of the co-latitude, giving 


2 2i—3 2 
aia (Teale Ẹ aae UE = (24 +1) Pi. 


Op? 
49. If p=2?+¥y? and V; be the solid Zonal Harmonic of degree i, 
show that b Puai Vine 
ri “Op? Op? Si ae 
where 12 =g? + y? + 22, (Maru. TRIP., 1890.] 
50. Show that 
(n-—m+ i ae =(2n+1)p ae (n+m) Tm z1, [S.P., 1875.] 


51. Find the number of independent solutions of the equations 
Uge, + Uyy + Uzz = 0, tUg + Yuy + 2Uz = nu, and prove that if u be a solution, 
w(x? + y? +2) ~#2"—) also will satisfy the first equation. 

Prove that if 

a+ Bo+tyo?=f(c+yo+z2w*) and A+ Buo+ Cu? =¢(a+ Bo + yo), 

where w is one of the primitive cube roots of unity, then a- £, 

B-y, y-a, A-B, B-C, C-A will all be spherical harmonics. 
[Matu. TRIP., 1876.] 

52. Prove that the function which has the value +1 on the 
Northern hemisphere and —1 on the Southern is given in Zonal 
Harmonics by the series 2Cg,,1Pon41, Where 

1.3.5...(2n-1) 1.3.5... (2n+1 
Cass) FE Gay EEE OED) 

Hence find a function which has the values 4+ B, 4-B on 
(i) the Northern and Southern, (ii) the Eastern and Western, (iii) 
any two corresponding hemispheres, respectively, the axis of the 
Earth being permanently the axis of the harmonics. 

(Maru. Triv., 1884.] 

53. The polar equation of a nearly spherical surface is r=a+bP,, 
where P,, is a zonal harmonic of the n degree, and b is a small 
quantity whose powers above the second may be neglected. Show 
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that the area of the surface exceeds the area of a sphere of radius a 
by 2b? (n? + n+ 2)/(2n + 1). (Maru. TRIP., 1878.] 


54. In the nearly spherical surface r=a+bP,, where Pp is a 
zonal harmonic and b is small, prove that at any point the excess of 
the measure of curvature above 1/a? is to a first approximation 

b 
es ta Un 
gai tm 2)Pae  [Maru. Tare. IIL., 1886.] 


55. Show that the Legendre’s function Q, of the second kind 
(Art. 1821) may be expressed in the form 


2n—1 2n —5 2n- 9 
i wih 

Qn = Pp tanh p f l.n mita mn—]) j retim- 2) Peai . 
and that the general solution of John Ivory’s Equation, 


alt- - pay Ta} + (n(n 1) -6+0 -P FE 


is given b = AP + BQ; and further that Q, may be expressed 
8! Y T p 


d N+) d 
as Q,=C (z 4 (1 —p?)"™+), a form corresponding to that of 
Rodrigues for Pa, C being a constant. 


56. Find the integral of the square of a tesseral harmonic over 
the surface of the unit sphere. 
If the general expression for a tesseral harmonic be of the form 


m 
A (1 — p2)? 9™ cos mp, where the coefficient of the highest power of 
p in $™ is unity, prove that 


(m) Ei Ge): shea 
Sati = Pn a at aa ; ([MatH, TRIP.] 
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